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OE AND W∗ SUPERRIGIDITY RESULTS FOR ACTIONS BY SURFACE BRAID
GROUPS
IONUT CHIFAN AND YOSHIKATA KIDA
Abstract. We show that several important normal subgroups Γ of the mapping class
group of a surface satisfy the following property: any free, ergodic, probability measure
preserving action Γ y X is stablyOE-superrigid. These include the central quotients of
most surface braid groups and most Torelli groups and Johnson kernels. In addition,
we show that all these groups satisfy the measure equivalence rigidity and we describe
all their lattice-embeddings.
Using these results in combination with previous results from [CIK13] we deduce
that any free, ergodic, probabilitymeasure preserving action of almost any surface braid
group is stablyW∗-superrigid, i.e., it can be completely reconstructed from its vonNeu-
mann algebra.
1. Introduction
The study of rigidity phenomena in orbit equivalence has its inception in the fun-
damental work of Zimmer, who showed that free, ergodic, probability measure pre-
serving (p.m.p.) actions of higher-rank simple Lie groups and their lattices satisfy a
strong-type rigidity, [Zi80]. This is a consequence of Zimmer’s cocycle superrigidity
theorem which in turn extends Margulis’ superrigidity theorem in the context of mea-
surable cocycles, [Ma74]. In the last decades extreme forms of rigidity in orbit equiva-
lence have been discovered. Two free, p.m.p. actions of countable groups Γ y X and
Λ y Y are called orbit equivalent if there exists a probability measure spaces isomor-
phism ψ : X → Y such that ψ(Γx) = Λψ(x), for almost every x ∈ X. A free, ergodic,
p.m.p. action of a countable group Γ y X is called (stably) OE-superrigid if it satisfies
the property that any free, ergodic, p.m.p. action of a countable group Λ y Y, which
is (stably) orbit equivalent to Γ y X, is (stably) conjugate to Γ y X. In other words,
these are actions which are completely reconstructible from their orbits. The first such
examples emerged from the groundbreaking work of Furman, who showed that the
action of SLn(Z) on the n-torus with n ≥ 3 is OE-superrigid, [Fu99a, Fu99b]. Since
then, many other examples have been discovered through combined efforts spawning
from several directions of research including measurable methods group theory, geo-
metric group theory, Popa’s deformation/rigidity theory, or C∗-algebraic techniques,
[BFS10, Fu06, Io08, Io14, Ki08, Ki09b, Ki10, MS04, Po05, Po08, PV08, Sa09]. For further
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2 I. CHIFAN AND Y. KIDA
references and other related topics in orbit equivalence we encourage the reader to con-
sult the following excellent surveys [Fu09, Ga09, Po06, Sh05, V10].
Let S = Sg,k be a connected, compact, orientable surface of genus g with k bound-
ary components and denote by Mod(S) the corresponding mapping class group. The
second author showed that, given any high complexity surface S (3g + k − 4 > 0), any
free, ergodic, p.m.p. action Mod(S)y X is stably OE-superrigid, [Ki06, Ki08]; this was
the first occurrence of examples of infinite, countable groups whose arbitrary action is
stably OE-superrigid. In the subsequent work, the same rigidity was obtained for free,
ergodic, p.m.p. actions of the amalgamated free product SL3(Z) ∗Σ SL3(Z), where Σ is
the subgroup of SL3(Z) consisting of matrices a = (aij)with a31 = a32 = 0, [Ki09b].
One of the main goals of this paper is to provide other natural examples of groups
which satisfy the superrigidity phenomenon described above. LetM be a closed, ori-
entable surface of genus g, let k be a positive integer, and denote by Fk(M) the space of
k-ordered, mutually distinct points ofM. The fundamental group of Fk(M) is denoted
by PBk(M) and it is called the pure braid group of k strands onM. Notice that PB1(M) =
pi1(M). Moreover, using Birman’s exact sequence [Bi74], the group PBk(M)—with only
a few exceptions—can be naturally identified with a certain normal subgroup of the
mapping class group Mod(S), where S = Sg,k. This subgroup of Mod(S)will be hence-
forth denoted by P(S). Building upon previous methods and results from [Ki05, Ki06,
KY10a, KY10b], we show the following:
Theorem A. LetM be a closed orientable surface of genus g ≥ 2 and let k ≥ 2 be an integer.
Then any free, ergodic, p.m.p. action PBk(M)y X is stably OE-superrigid.
When g = 0 or 1, the group PBk(M) has infinite center and the same conclusion holds
for its central quotient, assuming 2g+k ≥ 5. In addition, we show that the theorem still
holds true if instead of PBk(M) ' P(S) one considers other natural, normal subgroups
of Mod(S), such as the Torelli group, I(S) and the Johnson kernel,K(S) (see Theorem 6.4)
or, more generally, any finite direct product between all the aforementioned groups (see
Remark 6.8).
As a by-product of our methods, we obtain measure equivalence rigidity results for
PBk(M) and we describe all its lattice-embeddings. Measure equivalence is a notion
introduced by Gromov [Gr93] as ameasure-theoretic counterpart to quasi-isometry be-
tween finitely generated groups. It is well known that two countable groups Γ and Λ
are measure equivalent if and only if there exist free, ergodic, p.m.p. actions Γ y X and
Λ y Y which are stably orbit equivalent, [Fu99b]. Thus, assertion (i) in the following
theorem is a corollary of TheoremA. Assertion (ii) follows by appealing to themethods
developed in [Fu01] to describe all lattice-embeddings for higher rank lattices.
Theorem B. LetM be a closed, orientable surface of genus g ≥ 2 and let k ≥ 2 be an integer.
Then the following hold:
(i) Any countable group that is measure equivalent to PBk(M) is virtually isomorphic to
PBk(M).
(ii) Let Γ be a finite index subgroup of PBk(M). Then any locally compact, second count-
able group containing a lattice isomorphic to Γ admits a finite index subgroup which is
continuously isomorphic to a semidirect product Γ n K, where K is a compact group.
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As before, the same conclusion holds for the Torelli group and the Johnson kernel of
most surfaces, as well as any finite direct product of such groups. We refer the reader
to Section 6 for the precise statements.
A free, ergodic, p.m.p. action Γ y X is called (stably)W∗-superrigid if, for any given
free, ergodic, p.m.p. action Λ y Y, any isomorphism between the group von Neu-
mann algebras L∞(X) o Γ and L∞(Y) o Λ entails a (stable) conjugacy between the ac-
tions Γ y X and Λ y Y. In other words, these are actions which can be completely
reconstructed—up to (stable) conjugacy—from their vonNeumann algebras. The study
ofW∗-superrigid actions has received a lot of attention over the last years as it plays a
central role in the classification of the group measure space von Neumann algebras. It
was noted by Singer that two free, ergodic, p.m.p. actions are orbit equivalent if and
only if there exists an isomorphism between the corresponding von Neumann algebras
preserving the canonical Cartan subalgebras, [Si55]. Thus, a free, ergodic, p.m.p. ac-
tion Γ y X is (stably) OE-superrigid if and only if the following property is satisfied:
whenever Λ y Y is a free, ergodic, p.m.p. action, the existence of a ∗-isomorphism
ψ : L∞(X) o Γ → L∞(Y) o Λ satisfying ψ(L∞(X)) = L∞(Y) entails that the actions
Γ y X and Λy Y must be (stably) conjugate. Consequently, (stable)W∗-superrigidity
is a priori stronger than (stable) OE-superrigidity as it is the logical sum of the former
and the property that L∞(X) is the unique group measure space Cartan subalgebra of
L∞(X) o Γ , up to unitary conjugacy. Free, ergodic, p.m.p. actions satisfying this last
property are called C-superrigid.
To study the W∗-superrigidity phenomenon and other problems of central impor-
tance in the classification of von Neumann algebras and related fields, Popa introduced
(over a decade ago) a completely new conceptual framework, now termed Popa’s de-
formation/rigidity theory. This theory develops a powerful technical paraphernalia de-
signed to incorporate various cohomological, geometric, and algebraic information of a
group and its actions at the vonNeumann algebraic level. Through this novel approach
Popa and his co-authors obtained striking classification results for the group von Neu-
mann algebras and beyond. For instance, in their remarkable work [OP07], Ozawa and
Popa discovered the first examples of C-superrigid actions: all free, ergodic, profinite
p.m.p. actions of non-abelian free groups on standard probability spaces. This is a re-
sult that deeply influenced the entire subsequent developments on the classification of
group measure space von Neumann algebras.
In [Pe09], Peterson proved the existence ofW∗-superrigid actions. Shortly after, Popa
andVaeswere able to provide the first concrete examplesW∗-superrigid actions [PV09].
Their examples include large classes of Bernoulli actions of various amalgamated free
products groups. Later, Ioana managed to show that any Bernoulli action Γ y [0, 1]Γ
is W∗-superrigid whenever Γ is an ICC property (T) group. Other examples of W∗-
superrigid actions were unveiled subsequently, through combined efforts spawning
from both measurable methods in orbit equivalence and Popa’s deformation/rigidity
theory, [Po05, Ki06, Ki08, Io08, Pe09, Ki09b, PV09, FV10, CP10, HPV10, Io10, IPV10,
Va10, CS11, CSU11, PV11, PV12, Bo12, CIK13].
In particular, Houdayer-Popa-Vaes discovered that if Γ = SL3(Z) ∗Σ SL3(Z) then any
free, ergodic, p.m.p. action Γ y X is C-superrigid, [HPV10]. Combining this with the
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second author’s stable OE-superrigidity result from [Ki09b] it follows that any free,
ergodic, p.m.p. action Γ y X is stably W∗-superrigid. This was the first instance of a
countable infinite groupwhose every free, ergodic, p.m.p. action is stablyW∗-superrigid.
Ioana and the authors proved in [CIK13] that all mapping class groups Mod(Sg,k) of
high complexity surfaces Sg,k of low genus (g ≤ 2) are other examples of such groups.
This was essentially obtained from the second author’s previous results on stable OE-
superrigidity for mapping class groups [Ki06] and the C-superrigidity results for ac-
tions by finite step extensions of hyperbolic groups, [CIK13, Corollary 3.2] (see also
[VV14, Proposition 4.6]).
In this paper we show that almost all surface braid groups PBk(M) satisfy the su-
perrigidity phenomenon described above, thus adding numerous new examples to the
list. Indeed, by [CKP14, Theorem 3.7], most of these groups are finite step extensions by
hyperbolic groups and, by [CIK13, Corollary 3.2], all their free, ergodic, p.m.p. actions
are C-superrigid. This, in combination with Theorem A, leads to the following:
Corollary C. LetM be a closed orientable surface of genus g ≥ 2 and let k ≥ 2 be an integer.
Then any free, ergodic, p.m.p. action PBk(M)y X is stablyW∗-superrigid.
Moreover, we show the same result holds formost Torelli groups and Johnson kernels
associated with surfaces of genus one (Theorem 7.3). As a result, Remark 5.2 combined
with Corollary C and [CIK13, TheoremA] settle completely theW∗-superrigidity ques-
tion for all free, ergodic, p.m.p. actions of the central quotients of surface braid groups.
In the last part of the paper we exhibit a family of subgroups in direct products of
iterated amalgams or HNN-extensions over abelian subgroups whose all free, mixing,
p.m.p. actions are C-superrigid (see Theorem 8.14 for the precise statement). The re-
sult is obtained by combining powerful, recent classification results on normalizers of
subalgebras in II1 factors from [PV12, Io12, Va13] with techniques from [CIK13].
When this is combinedwith recent developments in group theory [KM13, KM12] we
obtain the following:
Corollary D. Let Λ be a torsion-free, non-elementary hyperbolic group. If Γ is any finitely
presented, ICC, residually-Λ group, then any free, mixing, p.m.p. action Γ y X on a non-atomic
probability space is C-superrigid.
When Γ is limit group the result is already known from [PV12, Theorem 1.1]. When
Γ is an ICC, residually free group then the result still holds if we only assume that Γ
is finitely generated as opposed to finitely presented. This follows because results in
[CG05, KM98a, KM98b, Se01] still allow one to embed such groups in a finite direct
product of iterated amalgams over abelian subgroups and Theorem 8.14 applies.
The W∗-superrigidity question for the group actions described in Corollary D re-
mains open as we do not have a complete understanding of an additional, general
condition on these groups and their actions to insure the OE-superrigidity part. For
instance, there exist such group actions which are OE-superrigid (e.g., any Bernoulli
action Γ y [0, 1]Γ , where Γ = F2 × F2, [Po08]) but there also exist such group actions
which are not OE-superrigid (e.g., any Bernoulli action Γ y [0, 1]Γ , where Γ = F2).
However, we conjecture theOE-superrigidity statement holds under the additional as-
sumption that Γ is not fully residually-Λ (Section 8.2).
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1.1. Comments on the proofs. Our strategy to show OE-superrigidity follows closely
the methods from [Ki06], where it was first shown that Mod(S) satisfies the following
strong-type rigidity: for any two free, ergodic, p.m.p. actions of Mod(S) that are or-
bit equivalent, the corresponding cocycle is equivalent to a virtual automorphism of
Mod(S). Once this is established, the OE-superrigidity for arbitrary actions of Mod(S)
is deduced via Furman’s general machinery [Fu99a, Fu99b]. This general strategy was
successfully applied to establish many subsequent OE-superrigidity results, [BFS10,
Ki09b, Ki10, MS04, Sa09].
A large part of our paper is devoted to show strong-type rigidity for groups P(S), I(S)
andK(S). Given two free, ergodic, p.m.p. actions P(S)y X, P(S)y Y together with an
isomorphism between the associated groupoids, φ : P(S)n X ' P(S)n Y, we will ana-
lyze geometric subgroupoids and how they are preserved underφ. To understand alge-
braic properties of such groupoids, we will exploit their classification from [Ki05, Ki06]
which in essence parallels McCarthy and Papadopoulos’ classification of subgroups of
Mod(S), [MP89]. A key ingredient to conclude that φ is equivalent to a conjugacy be-
tween P(S) y X and P(S) y Y is the complex of hole-bounding curves and pairs of S,
denoted by CP(S). This is a version of the complex of curves of S that was introduced in
[KY10a] to compute virtual automorphisms of P(S), inspired by [Iv97, IIM03]. Finally,
to conclude our result we will use the results from [KY10a, KY10b] that describe all
simplicial automorphisms of CP(S) as well as the structure of a certain injection from
a subcomplex of CP(S) into CP(S). In the case of I(S) and K(S), we will use similar re-
sults from [BM04, BM08, FI05, Ki09c, KY10c] which are applicable to the corresponding
versions of curves complexes. We refer the reader to Subsections 4.1 and 5.1 for more
details on these simplicial complexes.
1.2. Organization of the paper. In Section 2, we review the mapping class groups and
the classification of their subgroups. In Section 3, given a subgroup Γ < Mod(S) and a
p.m.p. action Γ y X, we review the classification of subgroupoids of Γ n X developed
in [Ki05, Ki06]. We study a certain chain of subgroupoids to characterize geometric
subgroupoids algebraically. In Section 4 we prove the strong-type rigidity for P(S),
then Section 5 deals with the strong-type rigidity of I(S) and K(S). In Section 6, we
discuss several consequences of the strong-type rigidity: OE superrigidity, measure
equivalence rigidity, description of lattice-embeddings, and rigidity of direct products.
In Section 7, we present several applications to W∗-superrigidity. In the last section,
we prove the technical steps leading to the C-superrigidity of all free, mixing, p.m.p.
actions by finitely presented, residually hyperbolic groups.
1.3. Acknowledgments. The authors are very grateful to the anonymous referee for
his comments and suggestions which greatly improved the exposition and the overall
mathematical quality of the paper.
2. Preliminaries on mapping class groups
2.1. Surfaces and curves. Unless otherwise mentioned, we assume a surface to be con-
nected, compact and orientable. Let S = Sg,k be a surface of genus g with k boundary
components. A simple closed curve in S is called essential in S if it is neither homotopic
6 I. CHIFAN AND Y. KIDA
α
γ1
γ2 β
Figure 1. The curve α is a separating curve, β is a non-separating curve,
and {γ1, γ2} is a BP.
to a single point of S nor isotopic to a component of ∂S. When there is no confusion,
we mean by a curve in S either an essential simple closed curve in S or its isotopy class.
A curve α in S is called separating in S if S \ α is not connected. Otherwise α is called
non-separating in S. Whether α is separating in S or not depends only on the isotopy
class of α. A pair of non-separating curves in S, {β, γ}, is called a bounding pair (BP) in S
if β and γ are disjoint and non-isotopic and S \ (β∪γ) is not connected. This condition
depends only on the isotopy classes of β and γ (see Figure 1).
We define V(S) as the set of isotopy classes of essential simple closed curves in S.
We denote by I : V(S) × V(S) → Z≥0 the geometric intersection number, i.e., the minimal
cardinality of the intersection of representatives for two elements of V(S). Let Σ(S)
denote the set of non-empty finite subsets σ of V(S) with I(α,β) = 0 for any α,β ∈ σ.
We extend the function I to the symmetric function on the square of V(S) unionsq Σ(S) with
I(α, σ) =
∑
β∈σ I(α,β) and I(σ, τ) =
∑
β∈σ,γ∈τ I(β, γ) for any α ∈ V(S) and σ, τ ∈ Σ(S).
Let Vs(S) denote the subset of V(S) consisting of isotopy classes of separating curves in
S. Let Vbp(S) denote the subset of Σ(S) consisting of isotopy classes of BPs in S.
Let σ be an element of Σ(S). We denote by Sσ the surface obtained by cutting S along
all curves inσ. Whenσ consists of a single curveα, we denote Sσ by Sα. Each component
of Sσ is often identifiedwith a complementary component of a tubular neighborhood of
a one-dimensional submanifold representing σ in S. LetW(S) denote the set of isotopy
classes of thewhole surface S and such subsurfaces of S as obtained from someσ ∈ Σ(S).
For any Q ∈W(S), the set V(Q) is naturally identified with a subset of V(S).
We mean by a pair of pants a surface homeomorphic to S0,3. We mean by a handle a
surface homeomorphic to S1,1
Complex C(S). When 3g+ k− 4 > 0, we define C(S) as the abstract simplicial complex
so that the sets of vertices and simplices of C(S) are V(S) and Σ(S), respectively.
When S = S1,1, we define C(S) as the simplicial graph so that the set of vertices is
V(S) and two vertices α,β ∈ V(S) are adjacent if and only if I(α,β) = 1. When S = S0,4,
we define a simplicial graph C(S) in the same manner after replacing the last condition
by I(α,β) = 2.
The complex C(S) is called the complex of curves of S.
The 1-skeleton of C(S) is known to be a Gromov-hyperbolic metric spacewith respect
to the graph distance ([Mi96, MM99]). Let ∂C(S) denote the Gromov boundary of the
1-skeleton of C(S). We refer to [Ha06, Kl99] for a description of ∂C(S).
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2.2. Mapping class groups. Let S be a surface. The extended mapping class group of S,
denoted by Mod∗(S), is the group of isotopy classes of homeomorphisms from S onto
itself, where isotopy may move points of the boundary of S. The mapping class group
of S, denoted by Mod(S), is the subgroup of Mod∗(S) that consists of isotopy classes
of orientation-preserving homeomorphisms from S onto itself. The pure mapping class
group of S, denoted by PMod(S), is the subgroup of Mod(S) that consists of isotopy
classes of orientation-preserving homeomorphisms from S onto itself which preserve
each component of ∂S. We refer to [FM11, FLP79, Iv92, Iv02] for fundamentals of these
groups. We have the natural actions of Mod∗(S) on the sets V(S), Σ(S), W(S), C(S),
∂C(S), etc. Let Mod(S; 3) denote the subgroup of Mod(S) consisting of elements acting
on H1(S,Z/3Z) trivially. The group Mod(S; 3) is torsion-free ([Iv92, Corollary 1.5]).
Theorem2.1. [Iv92, Theorem1.2 andLemma1.6] Let S = Sg,k be a surface with 3g+k−4 ≥
0. Pick h ∈ Mod(S; 3) and σ ∈ Σ(S) with hσ = σ. Then, for any α ∈ σ, we have hα = α;
and for any component Q of Sσ, the element h preserves Q and each component of ∂Q, and the
element of PMod(Q) induced by h is either neutral or of infinite order.
Fix σ ∈ Σ(S). We set Γ = Mod(S; 3) and denote by Γσ the stabilizer of σ in Γ . We have
the natural homomorphism
θσ : Γσ →∏
Q
PMod(Q),
where Q runs through all components of Sσ. Let Dσ denote the subgroup of PMod(S)
generated by Dehn twists about curves in σ. When σ consists of a single curve α, we
denoteDσ byDα. The kernel of θσ is equal toDσ ∩ Γσ ([Iv02, Corollary 4.1.B]). ForQ ∈
W(S), we denote by ΓQ the stabilizer of Q in Γ and have the homomorphism θQ : ΓQ →
PMod(Q).
For α,β ∈ V(S), we say that α and β fill S if there exists no γ ∈ V(S)with I(α, γ) = 0
and I(β, γ) = 0. When 3g + k − 4 > 0, α and β fill S if and only if the graph distance
between them in the 1-skeleton of C(S) is at least 3. When S = S1,1 or S0,4, any two
distinct elements of V(S) fill S.
Lemma 2.2. [FM11, Proposition 2.8] Let S = Sg,k be a surface with 3g + k − 4 ≥ 0. Pick
α,β ∈ V(S). If α and β fill S, then the stabilizer of α and β in Mod(S),
{h ∈Mod(S) | hα = α, hβ = β },
is finite. The stabilizer of α and β in Mod(S; 3) is therefore trivial.
2.3. Classification of subgroups. Let S = Sg,k be a surface with 3g + k − 4 ≥ 0. An
element of Mod(S) is called reducible if it fixes some element of Σ(S). By the celebrated
Nielsen-Thurston classification, any element of Mod(S) is fallen into exactly one of the
following three kinds: elements of finite order; reducible elements of infinite order; and
pseudo-Anosov elements. Two pseudo-Anosov elements h1, h2 of Mod(S) are called
independent if the fixed point sets of h1 and h2 in the Thurston boundary are disjoint. In
this case, sufficiently large powers of h1 and h2 generate a free group of rank 2 ([Iv92,
Corollary 8.4]).
A subgroup of Mod(S) is called reducible if it fixes some element of Σ(S). Otherwise
it is called irreducible. It is known that an infinite subgroup of Mod(S) is irreducible if
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and only if it contains a pseudo-Anosov element ([Iv92, Corollary 7.14]). A subgroup
of Mod(S) is called non-elementary if it contains two independent pseudo-Anosov ele-
ments. Any subgroup of Mod(S) is known to be fallen into exactly one of the following
four kinds: finite subgroups; infinite and reducible subgroups; infinite, irreducible and
virtually cyclic subgroups; and non-elementary subgroups ([MP89], [Iv92, Corollary
7.15]). The following theorem is obtained from this classification of subgroups, [MP89,
Proposition 5.1 (3)] and [Iv92, Corollary 7.13].
Theorem 2.3. LetN and G be infinite subgroups of Mod(S) withN C G. Then,N and G are
subgroups of the same kind.
Let Γ be a non-trivial and reducible subgroup of Mod(S; 3). We then have a unique
element σ of Σ(S) satisfying the following: Any element of σ is fixed by Γ , and for any
α ∈ σ and any β ∈ V(S) with I(α,β) 6= 0, there exists an h ∈ Γ with hβ 6= β ([Iv92,
Corollary 7.12]). This σ is called the canonical reduction system (CRS) of Γ . The CRS σ
of Γ is the minimal element of Σ(S) satisfying the following: Any element of σ is fixed
by Γ , and for any component Q of Sσ, the subgroup θQ(Γ) of PMod(Q) is either trivial
or infinite and irreducible ([Iv92, Theorem 7.16]). Let Q be a component of Sσ. We say
that Q is T, IA, or IN for Γ if θQ(Γ) is trivial; infinite, irreducible and virtually cyclic;
or non-elementary as a subgroup of PMod(Q), respectively. Here, “T", “IA" and “IN"
stands for “trivial", “irreducible and amenable" and “irreducible and non-amenable",
respectively.
Lemma 2.4. Let S = Sg,k be a surface with 3g + k − 4 > 0 and (g, k) 6= (1, 2), (2, 0). Let
Γ be an infinite, normal subgroup of some finite index subgroup of Mod(S). Then, the Dirac
measure on the neutral element is the only probability measure on Mod∗(S) invariant under
conjugation by Γ .
Proof. Let T and PMF denote the Teichmüller space and the Thurston boundary for S,
respectively, on which Mod∗(S) naturally acts. As precisely proved in the next para-
graph, we first note that the limit set of Γ in PMF is the whole space PMF.
Let G be a non-elementary subgroup of Mod(S). Denote by Λ0(G) ⊂ PMF the set of
fixed points of pseudo-Anosov elements in G. Following [MP89], we call the closure of
Λ0(G) in PMF the limit set of G in PMF. As noted in [MP89, Section 5, Example 1], by
[FLP79, Exposé 6, §VII, Théorème], the limit set of Mod(S) is PMF. This is also proved
in [Iv92, Lemma 9.12]. It follows from [MP89, Propositions 5.4 and 5.5] that for any
infinite, normal subgroup of a finite index subgroup of Mod(S), its limit set is PMF.
The set Λ0(Γ) is thus dense in PMF.
The rest of the proof follows the proof of [Ki06, Theorem 2.9]. For the reader’s conve-
nience, we give a complete proof. Pick γ0 ∈Mod∗(S) such that the set {γγ0γ−1 | γ ∈ Γ }
is finite. We set Fix(γ0) = { x ∈ T ∪ PMF | γ0x = x }. If the inclusion PMF ⊂ Fix(γ0) is
shown, then it implies γ0 = e, and the lemma follows. Assuming PMF 6⊂ Fix(γ0), we
deduce a contradiction. For a pseudo-Anosov element γ of Mod(S), let F±(γ) denote its
two fixed points in PMF so that for any x ∈ T∪PMF except for F−(γ), γnx converges to
F+(γ) as n → +∞, and F−(γ) = F+(γ−1). By density of Λ0(Γ) in PMF, there exist two
independent pseudo-Anosov element γ1, γ2 ∈ Γ with F+(γ1), F+(γ2) 6∈ Fix(γ0).
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As the union T ∪ PMF is homeomorphic to a finite-dimensional Euclidean closed
ball by [FLP79, Exposé 11, §II, Théorème 3], the Brouwer fixed point theorem implies
that Fix(γ0) is non-empty. Pick x ∈ Fix(γ0). There exists a subsequence {ni}i of N
with γ−ni1 γ0γ
ni
1 = γ0 for any i. The equation γ
−ni
1 γ0γ
ni
1 x = γ0x = x then holds, and
therefore γni1 x ∈ Fix(γ0) for any i. If x were not F−(γ1), then γni1 x would converge to
F+(γ1) 6∈ Fix(γ0) as i→∞. This is a contradiction. We thus have x = F−(γ1). Similarly,
we have x = F−(γ2). This contradicts that γ1 and γ2 are independent. 
Throughout the following lemma and its proof, for any subgroup Γ of PMod(S) and
any σ ∈ Σ(S), we will denote by Γσ the stabilizer of σ in Γ .
Lemma 2.5. Let Γ be a subgroup of Mod(S; 3) with Γ C PMod(S). Fix σ ∈ Σ(S) and assume
that there exist two distinct componentsQ, R of Sσ such that θQ(Γσ) and θR(Γσ) are non-trivial.
Then, there exist subgroupsM1,M2 and N1 of Γ such that N1 is infinite and amenable,M2 is
non-amenable, and we have N1 CM1,M2 CM1 andM2 C Γσ.
Proof. For X ∈ W(S), let us say that an element of PMod(S) is supported on X if it has a
representative which is the identity outside X. By assumption, we have γ, δ ∈ Γσ such
that θQ(γ) and θR(δ) are non-neutral. Pick an element γ1 of PMod(S)σ such that it is
supported on Q and the element θQ([γ1, γ]) is non-neutral, where for two elements x,
y of a group, [x, y] denotes the commutator xyx−1y−1. Such a γ1 is found as follows:
There existsγ ′1 ∈ PMod(Q)with [γ ′1, θQ(γ)] non-neutral because the center ofPMod(Q)
is finite ([FM11, Section 3.4]) and θQ(γ) is not central by Theorem 2.1. Let γ1 be an
element of PMod(S) supported onQwith θQ(γ1) = γ ′1. This is a desired one. Similarly
we can find an element δ1 of PMod(S)σ such that it is supported on R and the element
θR([δ1, δ]) is non-neutral. Since Γ C PMod(S), the elements [γ1, γ] and [δ1, δ] belong to
Γ , and are moreover supported on Q and R, respectively.
We set LR = (
⋂
X ker θX)∩ Γσ, where X runs through all components of Sσ other than
R. We have θR(LR) C θR(Γσ) and θR(Γσ) C θR(Mod(S; 3)σ) because Γ C PMod(S). Since
[δ1, δ] belongs to LR, the group θR(LR) is non-trivial. By Theorems 2.1 and 2.3, θR(LR) is
a non-elementary subgroup of PMod(R), and LR is therefore non-amenable.
LetN1 be the group generated by [γ1, γ]. The groupN1 is infinite because [γ1, γ] is a
non-neutral element of Mod(S; 3). We setM2 = ker θQ ∩ Γσ andM1 = N1 ∨M2. The
groups N1 andM2 commute, and we thus have N1 CM1 andM2 CM1. We also have
M2 C Γσ. The groupM2 contains LR and is therefore non-amenable. 
3. Groupoids from mapping class groups
3.1. Discrete measured groupoids. We refer to [ADR00] and [Ta03, Chapter XIII] for
discrete measured groupoids and their amenability. By a standard probability space we
mean a standard Borel space equipped with a probability measure. All relations in-
volving measurable sets andmaps that appear throughout the paper are understood to
hold up to sets of measure zero, unless otherwise mentioned. Let (X, µ) be a standard
probability space. A non-negligible subset of A ⊂ X is a measurable subset satisfying
µ(A) > 0. Let G be a discrete measured groupoid on (X, µ) with the range and source
maps r, s : G → X. A subgroupoid of G is a measurable one of G whose unit space is
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(X, µ). For a non-negligible subset A ⊂ X, we denote by
G|A = {g ∈ G : r(g), s(g) ∈ A }
the restriction of G to A.
Let Γ be a countable group,M a standard Borel space on which Γ acts, and ρ : G→ Γ
a homomorphism. Let A ⊂ X be a measurable subset. A measurable map ϕ : A → M
is called (G, ρ)-invariant if ρ(g)ϕ(s(g)) = ϕ(r(g)) for almost every g ∈ G. Suppose that
K is a compact metrizable space on which Γ acts continuously and thatM is the space
of probability measures on K. If G is amenable, then there exists a (G, ρ)-invariant map
from X intoM.
We say that G is finite if for almost every x ∈ X, the set r−1(x) is finite. We say that G is
nowhere finite if for almost every x ∈ X, the set r−1(x) is infinite. We say that G is nowhere
amenable if for any non-negligible subset A of X, the restriction G|A is not amenable.
Let Γ be a countable group and Γ y (X, µ) a p.m.p. action. The product space Γ × X
has the following natural structure of a groupoid on X: the range and source maps are
defined by r(γ, x) = γx and s(γ, x) = x, respectively, for γ ∈ Γ and x ∈ X. The product is
defined by (γ1, γ2x)(γ2, x) = (γ1γ2, x) for γ1, γ2 ∈ Γ and x ∈ X. The element (e, x) is the
unit at x ∈ X. The inverse of (γ, x) ∈ Γ × X is defined by (γ−1, γx). This groupoid also
has the structure of a discretemeasured groupoid on (X, µ) and is denoted by Γn(X, µ);
when µ is self-understood from the context, then it will be denoted by Γ n X.
When S is a normal subgroupoid of G, we write S C G. We refer to [Ki06, Definition
2.2] for a definition of normal subgroupoids. The following lemma collects basic facts
on normal subgroupoids:
Lemma 3.1. [Ki06, Lemmas 2.13 and 2.16] The following assertions hold:
(i) Let Γ be a countable group, N a normal subgroup of Γ and Γ y (X, µ) a p.m.p. action.
Then Nn X C Γ n X.
(ii) Let G be a discrete measured groupoid on (X, µ),N a subgroupoid of G withN C G, and
A a non-negligible subset of X. Then N|A C G|A.
3.2. Preliminary results on subgroupoids. Firstwe summarize some results from [Ki05,
Ki06] regarding groupoids associatedwith p.m.p. actions of mapping class groups. Af-
terwards we show a few consequences which will be used in the sequel.
Throughout this subsection, we fix the following notation: Let S = Sg,k be a surface
with 3g+ k− 4 > 0. Let Γ be an infinite subgroup of Mod(S; 3) and Γ y (X, µ) a p.m.p.
action. We set G = Γ n X and define ρ : G → Γ as the projection. For a set V on which
Γ acts (e.g., V(S), Σ(S) andW(S)) and for v ∈ V , we denote by Γv the stabilizer of v in Γ
and set Gv = Γv nX. For σ ∈ Σ(S) andQ ∈W(S), we define homomorphisms ρσ, ρQ by
ρσ = θσ ◦ ρ : Gσ →∏
R
PMod(R) and ρQ = θQ ◦ ρ : GQ → PMod(Q),
where R runs through all components of Sσ. Let Y be a non-negligible subset of X and
S a nowhere finite subgroupoid of G|Y .
Definition 3.2. With the above notation,
(i) we say that S is reducible if there exists an (S, ρ)-invariant map from Y into Σ(S).
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(ii) Forα ∈ V(S) and ameasurable subsetA of Y, we say that the pair (α,A) is (S, ρ)-
invariant if there exists a partition A =
⊔
nAn into countably many measurable
subsets such that for any n, the constant map from An into V(S)whose value is
α is (S, ρ)-invariant.
(iii) Suppose that (α,A) is a (S, ρ)-invariant pair. We say that (α,A) is purely (S, ρ)-
invariant if for any β ∈ V(S) with I(α,β) 6= 0 and for any non-negligible subset
B of A, the pair (β,B) is not (S, ρ)-invariant.
Remark 3.3. In [Ki06], reducible subgroupoids are defined in a different way. We show
that the two definitions are equivalent. Let PMF denote the Thurston boundary for S
and MIN denote the subset of PMF consisting of minimal measured foliations. The
group Mod(S) naturally acts on PMF, andMIN is a subset invariant under this action.
LetM(PMF) be the space of probabilitymeasures onPMF, onwhichMod(S) naturally
acts. In [Ki06, Definition 3.2], a subgroupoid S of G|Y is called reducible if there exists
an (S, ρ)-invariant mapψ : Y →M(PMF) such that for almost every x ∈ Y, the measure
ψ(x) is supported on the complement ofMIN. If such a map ψ exists, then there exists
an (S, ρ)-invariant map from Y into Σ(S) ([Ki06, Theorem 3.6]). The converse also holds
becausewe have the embedding ofΣ(S) into the complement ofMIN that is equivariant
under the action of Mod(S) ([FLP79, Remarque in Exposé 4, §II]).
Theorem 3.4. [Ki06, Theorem 3.6] Suppose that S is reducible. Then, there exists a unique
(S, ρ)-invariant map ϕ : Y → Σ(S) satisfying the following conditions (1) and (2):
(1) For any σ ∈ Σ(S) with ϕ−1(σ) non-negligible and for any α ∈ σ, the pair (α,ϕ−1(σ))
is purely (S, ρ)-invariant.
(2) If (α,A) is a purely (S, ρ)-invariant pair, then α ∈ ϕ(x) for almost every x ∈ A.
Following terminology for reducible subgroups, we call this (S, ρ)-invariant map ϕ
the canonical reduction system (CRS) of S. For any non-negligible subset A of Y, the CRS
of S|A is the restriction of ϕ to A.
Lemma 3.5. Let N be a nowhere finite subgroupoid of S with N C S. Then, the following
assertions hold:
(i) If N is amenable and S is nowhere amenable, then S is reducible.
(ii) If N is reducible, then the CRS of N is (S, ρ)-invariant. In particular, S is reducible.
(iii) In assertion (ii), let ϕ,ψ : Y → Σ(S) denote the CRS’s of N and S, respectively. Then
ϕ(x) ⊂ ψ(x) for almost every x ∈ Y.
Proof. Assertion (ii) is [Ki06, Theorem 3.6 (iii)]. Assertion (i) follows from assertion (ii)
and [Ki06, Proposition 4.1]. Assertion (iii) holds because if a pair (α,A) is purely (N, ρ)-
invariant and is (S, ρ)-invariant, then it is purely (S, ρ)-invariant by definition. 
The set W(S) was introduced in Subsection 2.1. We define Ω(S) as the set of finite
subsets F ofW(S) (including the empty set) such that any twodistinct elements of F have
disjoint representatives in S. For σ ∈ Σ(S), letωσ ∈ Ω(S) denote the set of components
of Sσ. For a surface Q = Sg ′,k ′ with 3g ′ + k ′ − 4 ≥ 0, we define ∂2C(Q) as the quotient
space of ∂C(Q)× ∂C(Q) obtained by identifying any its point (x, y)with (y, x).
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Theorem 3.6. [Ki06, Theorems 3.13 and 3.15] Suppose that S is reducible and denote by
ϕ : Y → Σ(S) the CRS of S. Then, there exist unique (S, ρ)-invariant maps ϕt, ϕia, ϕin : Y →
Ω(S) satisfying the following conditions (1)–(4):
(1) For almost every x ∈ Y, the equation ϕt(x) ∪ϕia(x) ∪ϕin(x) = ωϕ(x) holds, the sets
ϕt(x),ϕia(x) andϕin(x) are mutually disjoint, and any element ofωϕ(x) that is a pair
of pants belongs to ϕt(x).
(2) Pick F ∈ Ω(S) with ϕ−1t (F) non-negligible and pick Q ∈ F. Then, for any α ∈ V(Q),
the pair (α,ϕ−1t (F)) is (S, ρ)-invariant.
(3) Pick F ∈ Ω(S) with ϕ−1ia (F) non-negligible and pick Q ∈ F. Then, for any non-
negligible subset A of Y, there exists no (S, ρQ)-invariant map from A into Σ(Q), and
there exists an (S, ρQ)-invariant map from Y into ∂2C(Q).
(4) Pick F ∈ Ω(S) with ϕ−1in (F) non-negligible and pick Q ∈ F. Then, for any non-
negligible subset A of Y, there exists no (S, ρQ)-invariant map from A into Σ(Q) ∪
∂2C(Q).
Following terminology for reducible subgroups again, we call the maps ϕt, ϕia and
ϕin in Theorem 3.6 the T, IA and IN systems of S, respectively. For any non-negligible
subset A of Y, the T, IA and IN systems of S|A are the restrictions of ϕt, ϕia and ϕin to
A, respectively. We often reduce our argument to the case where the CRS of S and all of
these three maps are constant on Y. In this case, we call elements of the constant values
of ϕt, ϕia and ϕin the T, IA and IN components of S, respectively.
Remark 3.7. Suppose that S is reducible and that all of the CRS and the T, IA and IN
systems of S are constant. Let Q be a T component of S. By Lemma 2.2 and condition
(2) in Theorem 3.6, there exists a partition Y =
⊔
n Yn into countably many measurable
subsets such that for any n, the image ρQ(S|Yn) consists of only the neutral element.
Theorem 3.8. [Ki06, Theorem 3.15 and Lemma 3.16] Suppose that S is reducible and all of
the CRS and the T, IA and IN systems of S are constant. LetQ be an IA component of S. Then,
the following assertions hold:
(i) There exists a unique (S, ρQ)-invariant map ψ0 : Y → ∂2C(Q) satisfying the follow-
ing maximality: For any non-negligible subset A of Y and any (S, ρQ)-invariant map
ψ : A → ∂2C(Q), the inclusion ψ(x) ⊂ ψ0(x) holds for almost every x ∈ A, where
each point of ∂2C(Q) is naturally regarded as a non-empty subset of ∂C(Q) consisting
of at most two points.
(ii) LetM be a subgroupoid of G|Y with S CM. Note thatM is reducible by Lemma 3.5 (ii).
Suppose that all of the CRS and the T, IA and IN systems ofM are constant. Then, the
map ψ0 in assertion (i) is (M, ρQ)-invariant, and Q is an IA component ofM.
Based on these general results from [Ki06] on reducible subgroupoids, in the rest of
this section, we prove several lemmas for later use.
Lemma 3.9. Suppose that S is reducible and amenable. Let ϕin : Y → Ω(S) be the IN system
of S. Then ϕin(x) = ∅ for almost every x ∈ Y.
Proof. Wemay assume that all of the CRS and the T, IA and IN systems of S are constant.
Let σ ∈ Σ(S) be the value of the CRS of S. LetQ be a component of Sσ and PMF denote
SUPERRIGIDITY RESULTS FOR ACTIONS BY SURFACE BRAID GROUPS 13
the Thurston boundary for Q. As stated in [Ki06, Theorem 3.15 (iii)], if Q were IN for
S, then there would exist no (S, ρQ)-invariant map from Y into the space of probability
measures on PMF. By amenability of S, there however exists such a map because PMF
is compact. It follows that Q is not an IN component of S. 
The following lemma is an immediate consequence of [Ki06, Proposition 3.17]:
Lemma 3.10. Suppose that S is reducible and nowhere amenable. Let ϕin : Y → Ω(S) be the
IN system of S. Then ϕin(x) 6= ∅ for almost every x ∈ Y.
Lemma 3.11. Suppose that Γ is reducible and denote by σ ∈ Σ(S) the CRS of Γ . Then, all of
the CRS and the T, IA and IN systems of G = Γ n X are constant, and their values are equal to
those of Γ , respectively.
Proof. We suppose that all of the CRS and the T, IA and IN systems of G|Y are constant,
and show the conclusion of the lemma holds for G|Y . This is enough for the lemma. The
assertion on the CRS is [Ki06, Lemma 3.8]. Let Q be a component of Sσ. If Q is T for Γ ,
then eitherQ is a pair of pants or any element of V(Q) is fixed by any element of θQ(Γ).
In the latter case, for any α ∈ V(Q), the pair (α, Y) is (G, ρQ)-invariant. The component
Q is therefore T for G|Y .
Suppose that Q is IA for Γ . There exists a g ∈ Γ such that θQ(g) is pseudo-Anosov
and generates a finite index subgroup of θQ(Γ). Since any non-zero power of θQ(g)
fixes no element of V(Q), the component Q is not T for G|Y . Since any non-zero power
of θQ(g) fixes exactly two points of ∂C(Q), the component Q is IA for G|Y .
Suppose that Q is IN for Γ . There exist g1, g2 ∈ Γ such that θQ(g1) and θQ(g2) are
independent pseudo-Anosov elements. Let {F±1 } and {F
±
2 } denote the fixed point sets of
θQ(g1) and θQ(g2) in ∂C(Q), respectively. As in the previous paragraph, Q is not T for
G|Y . IfQwere IA for G|Y , then there would exist a (G, ρQ)-invariantmapψ : Y → ∂2C(Q).
For i = 1, 2, we set Γi = 〈gi〉 and set Gi = (Γi n X)|Y . By the assertion proved in the
previous paragraph, Q is IA for both G1 and G2. For i = 1, 2, let ψi : Y → ∂2C(Q) be
the (Gi, ρQ)-invariant map satisfying the maximality in Theorem 3.8 (i). This map is
constant, and its value is {F±i } because that constant map is (Gi, ρQ)-invariant. On the
other hand, ψ is (Gi, ρQ)-invariant, and the maximality of ψi implies that the inclusion
ψ(x) ⊂ ψi(x) holds for almost every x ∈ Y. This contradicts independence between
θQ(g1) and θQ(g2). We have shown that Q is not IA for G|Y , and Q is therefore IN for
G|Y . 
Lemma 3.12. Let N be a nowhere finite subgroupoid of S with N C S. Suppose that S is
reducible and that all of the CRS’s and the T, IA and IN systems of S and N are constant. LetQ
be an IN component of S. Then, either there exists a T component R of N with Q ⊂ R or Q is
an IN component of N.
Proof. Let σ, τ ∈ Σ(S) be the values of the CRS’s of S and N, respectively. Since N C S,
we have τ ⊂ σ by Lemma 3.5 (iii). We thus have the component R of Sτ withQ ⊂ R. If R
is T forN, then the lemma follows. Suppose that R is not T forN. For any α ∈ σ, the pair
(α, Y) is (N, ρ)-invariant, and thus α is not a curve in R. The equationQ = R follows. If
Q were IA for N, then by Theorem 3.8 (ii), the assumption N C S would imply that Q
is IA for S. This is a contradiction. It follows that Q is IN for N. 
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Lemma 3.13. Let α ∈ V(S) be a non-separating curve in S. Suppose thatDα∩ Γ is trivial. Let
N be a nowhere finite subgroupoid of S with N C S. Suppose that S is reducible and that all of
the CRS’s and the T, IA and IN systems of S andN are constant. Then, the following conditions
(1) and (2) are equivalent:
(1) The value of the CRS of S is {α}, and the component Sα is IN for S.
(2) The value of the CRS of N is {α}, and the component Sα is IN for N.
Proof. We first assume condition (1). By Lemma 3.5 (iii), the value of the CRS of N is
{α}. By Lemma 3.12, the component Sα is either T for N or IN for N. If Sα were T for N,
then there exists a non-negligible subset A of Y such that ρ(N|A) ⊂ ker θSα < Dα. Since
Dα ∩ Γ is assumed to be trivial, N|A is trivial. This contradicts that N is nowhere finite.
We have shown that Sα is IN for N, and condition (2) follows.
We next assume condition (2). Let σ ∈ Σ(S) be the value of the CRS of S. By Lemma
3.5 (iii), σ contains α. Pick β ∈ σ. The pair (β, Y) is (N, ρ)-invariant because N < S. We
have β = α because Sα is IN for N. We therefore have σ = {α}. The component Sα is IN
for S because it is IN for N. Condition (1) follows. 
Lemma 3.14. Pick α ∈ Vs(S). We suppose the following conditions (a)–(c):
(a) The CRS of Γα is {α}.
(b) One component of Sα is IN for Γα, and another component of Sα is either T or IN for Γα.
(c) If there is a T component of Γα, denoted byQ, then for any R ∈W(Q), the group θR(ΓR)
is trivial.
LetL,M1,M2 andN1 be subgroupoids ofG|Y such thatM2 is nowhere amenable,N1 is amenable
and nowhere finite, and we have Gα|Y < L,N1 CM1,M2 CM1 andM2 C L. Then Gα|Y = L.
Proof. By Lemma 3.5 (i) and (ii), all of L, M1, M2 and N1 are reducible. We will show
that the CRS of L is constant and its value contains α. This implies L < Gα|Y , and the
lemma follows. We may therefore assume that all of the CRS’s and the T, IA and IN
systems of L, M1, M2 and N1 are constant. Let σ, σ1, σ2, τ1 ∈ Σ(S) denote the values
of the CRS’s of L,M1,M2 and N1, respectively. We setM = Gα|Y . The CRS and the T,
IA and IN systems of M are constant, and their values are the same as those of Γα by
Lemma 3.11.
We show that σ contains α. Assuming to the contrary that σ does not contain α, we
deduce a contradiction. Pick β ∈ σ. The pair (β, Y) is purely (L, ρ)-invariant, and is
(M, ρ)-invariant becauseM < L. We have I(α,β) = 0 because (α, Y) is purely (M, ρ)-
invariant. The curve α is separating in S, and Sα therefore consists of exactly two com-
ponents. The curve β does not lie in any IN component of Γα because (β, Y) is (M, ρ)-
invariant. By condition (b), one component of Sα is IN for Γα, another component of Sα,
denoted by Q, is T for Γα, and we have β ∈ V(Q). Since β is an arbitrary element of σ,
we have σ ∈ Σ(Q).
By condition (c), any component of Sσ contained in Q is T for L. Let R denote the
component of Sσ containing the IN component of Γα. ThisR is the unique IN component
of L, and we have α ∈ V(R).
By Lemma 3.12, the inclusionM2 C L implies that either there exists a T component
of M2 containing R or R is an IN component of M2. If the former were true, then by
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condition (c), any other component of Sσ2 would also be T forM2. By Lemma 3.10, this
contradicts thatM2 is nowhere amenable. It follows that R is an IN component ofM2.
By Lemma 3.5 (iii), the inclusionM2 C M1 implies σ2 ⊂ σ1. No curve in σ1 lies in R
because R is IN forM2. It follows that σ1 ∈ Σ(Q) and that R is a component of Sσ1 and
is IN forM1 because it is IN forM2.
The inclusion N1 CM1 implies τ1 ⊂ σ1 and τ1 ∈ Σ(Q). By Lemma 3.12, either there
exists a T component of N1 containing R or R is an IN component of N1. The latter
does not hold because N1 is amenable. By condition (c), the former implies that any
component of Sτ1 is T for N1. By condition (c) again, θQ(Γα) is trivial, and Dτ1 ∩ Γ is
therefore trivial. There exists a non-negligible subset A of Y such that ρ(N1|A) consists
of only the neutral element. This contradicts that N1 is nowhere finite. 
The following lemma for a BP is an analogue of Lemma 3.14.
Lemma 3.15. Pick b ∈ Vbp(S). We suppose the following conditions (a)–(c):
(a) The CRS of Γb is b, and Dβ ∩ Γ is trivial for any β ∈ b.
(b) One component of Sb is IN for Γb, and another component of Sb is either T or IN for Γb.
(c) If there is a T component of Γb, denoted byQ, then for any R ∈W(Q), the group θR(ΓR)
is trivial.
LetL,M1,M2 andN1 be subgroupoids ofG|Y such thatM2 is nowhere amenable,N1 is amenable
and nowhere finite, and we have Gb|Y < L,N1 CM1,M2 CM1 andM2 C L. Then Gb|Y = L.
Proof. By Lemma 3.5 (i) and (ii), all of L, M1, M2 and N1 are reducible. We will show
that the CRS of L is constant and its value contains b. This implies L < Gb|Y , and the
lemma follows. We may therefore assume that all of the CRS’s and the T, IA and IN
systems of L, M1, M2 and N1 are constant. Let σ, σ1, σ2, τ1 ∈ Σ(S) denote the values
of the CRS’s of L, M1, M2 and N1, respectively. We setM = Gb|Y . The CRS and the T,
IA and IN systems of M are constant, and their values are the same as those of Γb by
Lemma 3.11.
We show that σ contains b. Assuming to the contrary that σ does not contain b, we
deduce a contradiction. Suppose that σ consists of a single curve of b, denoted by α. By
the latter condition in condition (a), we can apply Lemma 3.13. Applying it three times,
we see that all of σ, σ1, σ2 and τ1 are equal to {α}, and the component Sα is IN for any of
L,M1,M2 and N1. By Lemma 3.9, this contradicts that N1 is amenable. It follows that
σ \ b is non-empty.
As in the second paragraph of the proof of Lemma 3.14, picking β ∈ σ \ b, we can
show that β does not lie in any IN component of Γb, one component of Sb is IN for Γb,
another component of Sb, denoted by Q, is T for Γb, and we have β ∈ V(Q). We thus
have σ \ b ∈ Σ(Q).
By condition (c), any component of Sσ contained in Q is T for L. Let R denote the
component of Sσ containing the IN component of Γb. This R is the unique IN component
of L, and at least one curve of b belongs to V(R).
As in the fourth and fifth paragraphs of the proof of Lemma 3.14, we can show that R
is IN forM2 andM1 and that σ2 ⊂ σ1 and σ1\b ∈ Σ(Q). At least one curve of b does not
belong to σ1. The inclusionN1 CM1 implies τ1 ⊂ σ1 and τ1\b ∈ Σ(Q)∪ {∅}. By Lemma
3.12, either there exists a T component of N1 containing R or R is an IN component of
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N1. The latter does not hold because N1 is amenable. The former therefore holds. By
condition (c), any component of Sτ1 is T for N1.
We claim that Dτ1 ∩ Γ is trivial. Condition (c) implies that θQ(Γb) is trivial. We have
Dτ1 ∩ Γ < Γb < ker θQ. If τ1 contains no curve of b, then we have τ1 ∈ Σ(Q), andDτ1 ∩ Γ
is trivial. Otherwise, denoting by γ the curve of b ∩ σ1, we have Dτ1 ∩ Γ < Dγ. By the
latter condition of condition (a), Dτ1 ∩ Γ is trivial. The claim was proved.
By the claim, ker θτ1 ∩ Γ is trivial. Since any component of Sτ1 is T forN1, there exists
a non-negligible subset A of Y such that ρ(N1|A) consists of only the neutral element.
This contradicts that N1 is nowhere finite. 
Lemma 3.16. Pick σ ∈ Σ(S). Suppose that the CRS of Γσ is σ and that any component of Sσ
is either T or IN for Γσ. We set Tσ = Dσ ∩ Γ and Tσ = Tσ n X. Let N be an amenable and
nowhere finite subgroupoid of Gσ|Y with N C Gσ|Y . Then, there exists a partition Y =
⊔
n Yn
into countably many measurable subsets such that N|Yn < Tσ|Yn for any n.
Proof. Wemay assume that all of theCRS and the T, IA and IN systems ofN are constant.
Let τ ∈ Σ(S) denote the value of the CRS of N. By Lemma 3.5 (iii), we have τ ⊂ σ. If
there were an IA component of N, then it would be also IA for Gσ|Y by Theorem 3.8
(ii). By Lemma 3.11, this contradicts that Γσ has no IA component. It follows that N
has only T components and that there exists a partition Y =
⊔
n Yn into countably many
measurable subsets such that ρ(N|Yn) ⊂ ker θτ for any n. The lemma was proved. 
Lemma 3.17. Suppose that Γ is a subgroup of Mod(S; 3)with Γ C PMod(S). LetM andN be
subgroupoids of G|Y such that N is amenable and nowhere finite, M is nowhere amenable, and
N CM. Note thatM and N are reducible by Lemma 3.5 (i). Suppose that all of the CRS’s and
the T, IA and IN systems ofM and N are constant and that there exists an IA component of N.
Let σ ∈ Σ(S) denote the value of the CRS ofM. Then, the following assertions hold:
(i) There exist subgroupoidsM1,M2 and N1 of G|Y such that N1 is amenable and nowhere
finite,M2 is nowhere amenable, and we have N1 CM1,M2 CM1 andM2 C Gσ.
(ii) For any non-negligible subset A of Y, we haveM|A 6= Gσ|A.
Proof. By assumption, we have an IA component of N, denoted by Q. By Theorem 3.8
(ii), Q is also IA for M and in particular is a component of Sσ. By Lemma 3.10, there
exists an IN component R of M. By Lemma 3.12, R is contained in a T component of
N and in particular is distinct from Q. The groups θQ(Γσ) and θR(Γσ) are non-trivial
becauseQ and R are not T forM. By Lemma 2.5, there exist subgroupsM1,M2 andN1
of Γ such thatN1 is infinite and amenable,M2 is non-amenable, and we haveN1 CM1,
M2 CM1 andM2 C Γσ. SettingN1 = (N1nX)|Y ,M1 = (M1nX)|Y andM2 = (M2nX)|Y ,
we obtain assertion (i).
We prove assertion (ii). The group θQ(Γσ) is a normal subgroup of some finite index
subgroup of PMod(Q) because Γ C Mod(S; 3). As is already shown, the group θQ(Γσ)
is non-trivial and therefore a non-elementary subgroup of PMod(Q) by Theorems 2.1
and 2.3. The componentQ is IN for Γσ and also IN for Gσ by Lemma 3.11. Assertion (ii)
follows because Q is IA forM. 
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4. Tautness of surface braid groups
Two important ingredients in establishingOE rigidity results of surface braid groups
are the measure equivalence coupling and the tautness of a group.
Definition 4.1. [Gr93, 0.5.E] Let Γ and Λ be countable groups. A (Γ,Λ)-coupling is a
standard measure space endowed with a σ-finite measure, (Σ,m), on which Γ ×Λ acts,
preservingm, so that there exist measurable subsets X, Y ⊂ Σwithm(X) <∞,m(Y) <∞, and
Σ =
⊔
γ∈Γ
(γ, e)Y =
⊔
λ∈Λ
(e, λ)X.
The subsets X, Y are called fundamental domains of the actions {e}×Λy Σ and Γ × {e}y
Σ, respectively. A (Γ, Γ)-coupling is called a self-coupling of Γ .
Two countable groups Γ , Λ are called measure equivalent (ME) if there exists a (Γ,Λ)-
coupling.
ME defines an equivalence relation between countable groups ([Fu99a, Section 2]).
We refer the reader to [Fu99b] for the relationships betweenME and OE.
Tautness was introduced in [BFS10, Ki09b] to studyME andOE rigidity aspects of a
group froma general standpoint. While in [Ki09b], this propertywas nameddifferently,
the term “taut" was coined in [BFS10].
Definition 4.2. Let G be a countable group together with Γ a subgroup. We say that Γ
is taut relative to G if the following conditions hold simultaneously:
(1) For any self-coupling (Σ,m) of Γ , there exists a (Γ × Γ)-equivariant measurable
map from Σ into G, where Γ × Γ acts on G by the formula
(γ1, γ2)g = γ1gγ
−1
2 for γ1, γ2 ∈ Γ and g ∈ G;
(2) The Dirac measure on the neutral element is the only probability measure on G
invariant under conjugation by Γ .
Notice that the condition (2) implies the uniqueness of the equivariant map from
the condition (1) ([Fu99a, Proposition 4.4], [Ki06, Lemma 5.7], [Ki09b, Lemma 3.4] and
[BFS10, Section A.4]).
Let S = Sg,k be a surface and denote by S¯ the closed surface obtained by attaching
a disk to each component of ∂S. We have the homomorphism ι : PMod(S) → Mod(S¯)
induced by the inclusion of S into S¯ and denote by P(S) = ker ι. If g ≥ 2 and k ≥ 2,
then P(S) is naturally isomorphic to the pure braid group of k strands on S¯ (see [CKP14,
Subsection 3.3] and references therein). The aim of this section is to prove the following:
Theorem 4.3. Let S = Sg,k be a surface with g ≥ 2 and k ≥ 2. Then P(S) is taut relative to
Mod∗(S).
The proof of this theorem will be postponed until Subsection 4.3 below and will fol-
low in spirit the methods developed in [Ki06], where it is shown that Mod∗(S) is taut
relative to Mod∗(S) for a non-exceptional surface S.
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α β1 β2 γ1 γ2
Figure 2. The curve α is an HBC, {β1, β2} is a non-separating HBP, and
{γ1, γ2} is a separating HBP.
4.1. Complexes for surface braid groups. A holed sphere is a surface of genus 0 with
non-empty boundary. Let S = Sg,k be a surface. A curve α in S is called a hole-bounding
curve (HBC) in S if α is separating in S and cuts off a holed sphere from S. A pair {β, γ}
of curves in S is called a hole-bounding pair (HBP) in S if the following are satisfied:
• β and γ are disjoint and non-isotopic;
• either β and γ are non-separating in S or β and γ are separating in S and are not
an HBC in S; and
• S \ (β ∪ γ) is not connected and has a component of genus zero.
An HBP in S is called non-separating in S if both its curves are non-separating in S.
Otherwise it is called separating in S (see Figure 2). If g = 0, then any curve in S is an
HBC. If g = 1, then there is no separating HBP in S.
The following simplicial complex CP(S) was introduced in [KY10a], inspired by the
work of Irmak-Ivanov-McCarthy [IIM03], to compute virtual automorphisms of P(S).
Complexes CP(S) and CPn(S). Let Vc(S) denote the subset of V(S) consisting of isotopy
classes of HBCs in S. Let Vp(S) denote the subset of Σ(S) consisting of isotopy classes
of HBPs in S. We define CP(S) as the abstract simplicial complex such that the set of
vertices is the disjoint union Vc(S) ∪ Vp(S), and a non-empty finite subset σ of Vc(S) ∪
Vp(S) is a simplex of CP(S) if and only if I(u, v) = 0 for any u, v ∈ σ.
Let Vnp(S) denote the subset of Vp(S) consisting of isotopy classes of non-separating
HBPs in S. We define CPn(S) as the full subcomplex spanned by Vc(S) ∪ Vnp(S).
LetX and Y be any of CP(S) and CPn(S). LetV(X) andV(Y) denote the sets of vertices
of X and Y, respectively. Note that a map φ : V(X) → V(Y) defines a simplicial map
from X into Y if and only if I(φ(a), φ(b)) = 0 for any a, b ∈ V(X) with I(a, b) = 0. A
superinjective map φ : X → Y is a simplicial map φ : X → Y satisfying I(φ(a), φ(b)) 6=
0, for any a, b ∈ V(X) with I(a, b) 6= 0. One can show that any superinjective map
from X into Y is injective, proceeding as in the proof of [Ir04, Lemma 3.1], where any
superinjective map from C(S) into itself is shown to be injective.
The following theorem will be essential to show tautness of P(S):
Theorem 4.4. [KY10b, Corollary 8.15] Let S = Sg,k be a surface with g ≥ 2 and k ≥ 2.
Then any superinjective map φ : CPn(S)→ CP(S) is induced by an element of Mod∗(S); that
is, there exists an h ∈ Mod∗(S) such that φ(v) = hv for any vertex v of CPn(S). Moreover,
such an h is unique.
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The uniqueness of h in the theorem follows by a similar argument as in [KY10a,
Lemma 2.2 (i)] and is based on the fact that Mod∗(S) acts faithfully on CPn(S).
For α ∈ V(S), let Tα denote the subgroup of PMod(S) generated by the Dehn twist
tα about α. For any BP b = {β, γ} ∈ Vbp(S), we denote by Tb the subgroup of PMod(S)
generated by tβt−1γ . If α ∈ Vc(S) and b ∈ Vp(S), then Tα and Tb are subgroups of P(S).
The family of all groups Tα and Tb with α ∈ Vc(S) and b ∈ Vp(S) generates P(S) ([Bi74,
Section 4.1]). The following result will also be used to show tautness of P(S):
Lemma 4.5. [KY10a, Lemma 2.3] Let S = Sg,k be a surface with g ≥ 1 and k ≥ 0. Pick
σ ∈ Σ(S). Then, the groupDσ ∩ P(S) is generated by all Tα and Tb with α an HBC in σ and b
an HBP of two curves in σ.
4.2. Geometric subgroupoids. Throughout this subsection, we fix the following nota-
tion: Let S = Sg,k be a surface with g ≥ 2 and k ≥ 2 and denote by Γ = P(S)∩Mod(S; 3).
Let Γ y (X, µ) be a p.m.p. action. Consider G = ΓnX and denote by ρ : G→ Γ the canon-
ical projection. For a setV onwhich Γ acts (e.g., V(S) andΣ(S)) and for v ∈ V , we denote
by Γv the stabilizer of v in Γ and denote by Gv = ΓvnX. For v ∈ Vc(S)∪Vp(S), we denote
by Tv = (Tv ∩ Γ)n X.
The aim of the following sequence of Lemmas 4.6–4.8 is to provide a more algebraic
description of the subgroupoid Gv, where v ∈ Vc(S) ∪ Vp(S). Moreover, these lemmas
along with Lemma 3.17 will be essential for the next subsection.
Lemma 4.6. Let Y be a non-negligible subset of X,M a nowhere amenable subgroupoid of G|Y ,
and N an amenable and nowhere finite subgroupoid of G|Y with N C M. We suppose that the
following condition (∗) holds:
(∗) IfM1 and N1 are subgroupoids of G|Y such that N1 is amenable and nowhere finite and
we haveM <M1 and N1 CM1, thenM =M1.
Then, there exists a partition Y =
⊔
n Yn into countably many measurable subsets such that for
any n, one of the following cases (1) and (2) occurs:
(1) There exists an element v ∈ Vc(S) ∪ Vp(S) withM|Yn = Gv|Yn .
(2) All of the CRS’s and the T, IA and IN systems ofM|Yn andN|Yn are constant, and letting
σ ∈ Σ(S) denote the value of the CRS ofM|Yn , we have the following: No curve in σ is an
HBC in S, no pair of two curves in σ is an HBP in S, and there exists an IA component
of N|Yn .
Proof. ByLemma 3.5 (i),M andN are reducible. RestrictingM to a non-negligible subset
of Y, we may assume that all of the CRS’s and the T, IA and IN systems ofM and N are
constant. Let σ ∈ Σ(S) be the value of the CRS ofM.
If σ contains an HBC α in S, then Tα C Gα andM < Gα|Y . By condition (∗), we have
M = Gα|Y which gives case (1). If σ contains two curves forming an HBP b in S, then
similarly we haveM = Gb|Y which again gives case (1).
Suppose that no curve of σ is an HBC in S and no pair of two curves of σ is an HBP in
S. Let τ ∈ Σ(S) be the value of the CRS ofN. SinceN CM, the inclusion τ ⊂ σ holds by
Lemma 3.5 (iii). No curve of τ is an HBC in S, and no pair of two curves of τ is an HBP
in S. By Lemma 4.5, ker θτ∩ Γ is trivial. If there were no IA component ofN, then every
component of Sτ would be T forN by Lemma 3.9, andNwould therefore be finite. This
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is a contradiction. It follows that there exists an IA component of N and hence case (2)
holds. 
Lemma 4.7. Pick α ∈ Vc(S). Let Y be a non-negligible subset of X and setM = Gα|Y . Then,
the following assertions hold:
(i) The group Γα is non-amenable, andM is therefore nowhere amenable.
(ii) The groupoidM fulfills condition (∗) in Lemma 4.6.
(iii) Let L,M1,M2 andN1 be subgroupoids of G|Y such thatM2 is nowhere amenable,N1 is
amenable and nowhere finite, and we haveM < L, N1 CM1,M2 CM1 andM2 C L.
ThenM = L.
(iv) IfN is an amenable and nowhere finite subgroupoid ofMwithN CM, then there exists
a partition Y =
⊔
n Yn into countably many measurable subsets such thatN|Yn < Tα|Yn
for any n.
Proof. First we check that conditions (a)–(c) in Lemma 3.14 hold. The HBC α divides S
into a component of genus 0 and a component of genus g, denoted byQ and R, respec-
tively. If Q is a pair of pants, then R contains a non-separating HBP in S, and θR(Γα) is
therefore non-elementary. IfQ is not a pair of pants, thenQ contains an HBC in S, and
R contains a non-separatingHBP in S. Since both θQ(Γα) and θR(Γα) are non-elementary
then the conditions (a)–(c) in Lemma 3.14 follow.
Assertion (i) holds because there exists an IN component of Γα. We prove assertion
(ii). To check condition (∗) in Lemma 4.6, let M1 and N1 be subgroupoids of G|Y such
thatN1 is an amenable and nowhere finite and we haveM <M1 andN1 CM1. Putting
L = M1 = M2 and applying Lemma 3.14, we obtain M = M1 and hence assertion
(ii) follows. Finally, assertion (iii) follows directly from Lemma 3.14. and assertion (iv)
follows from Lemma 3.16. 
Lemma 4.8. Pick b ∈ Vnp(S). Let Y be a non-negligible subset of X and setM = Gb|Y . Then,
the following assertions hold:
(i) The group Γb is non-amenable, and henceM is nowhere amenable.
(ii) The groupoidM fulfills condition (∗) in Lemma 4.6.
(iii) Let L,M1,M2 andN1 be subgroupoids of G|Y such thatM2 is nowhere amenable,N1 is
amenable and nowhere finite, and we haveM < L, N1 CM1,M2 CM1 andM2 C L.
ThenM = L.
Proof. First we check that conditions (a)–(c) in Lemma 3.15 hold. Let S¯ denote the closed
surface obtained by filling a disk to each component of ∂S. For any β ∈ b, the group
Dβ ∩ Γ is trivial because β is also essential in S¯ through the inclusion of S into S¯.
The HBP b divides S into a component of genus 0 and a component of genus g − 1,
denoted by Q and R, respectively. If Q is a pair of pants, then R contains a component
of ∂S and contains a curve in S forming an HBP in S together with a curve of b. Thus
we have that θR(Γb) is non-elementary and hence the conditions (a)–(c) in Lemma 3.15
follow.
Suppose that Q is not a pair of pants. There is an HBC in S which belongs to V(Q),
and θQ(Γb) is thus non-elementary. If R contains a component of ∂S, then R contains a
curve in S forming anHBP in S togetherwith a curve of b, and θR(Γb) is non-elementary.
Conditions (a)–(c) in Lemma 3.15 follow.
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Suppose that R contains no component of ∂S. The set V(R) is injectively embedded
into V(S¯) through the inclusion of S into S¯. For any R1 ∈ W(R), the set V(R1) is also
injectively embedded into V(S¯), and the group θR1(ΓR1) acts on V(R1) trivially because
any element of Γ acts on V(S¯) trivially. By Theorem 2.1 and Lemma 2.2, the group
θR1(ΓR1) is trivial. Conditions (a)–(c) in Lemma 3.15 follow.
Assertion (i) of the lemma holds because there exists an IN component of Γb. Asser-
tions (ii) and (iii) follow from Lemma 3.15, proceeding in a similar manner as in the
proofs of parts (ii) and (iii) of Lemma 4.7 above. 
The non-separability assumption on the HBP b in Lemma 4.8 was necessary because
of the use of Lemma 3.15 in its proof. However, the following lemma holds for anyHBP
in S and it follows from Lemma 3.16.
Lemma 4.9. Pick b ∈ Vp(S). Let Y be a non-negligible subset of X and set M = Gb|Y . If N
is an amenable and nowhere finite subgroupoid ofM with N CM, then there exists a partition
Y =
⊔
n Yn into countably many measurable subsets such that N|Yn < Tb|Yn for any n.
Remark 4.10. For some separating HBP in S, Lemma 4.8 (iii) does not hold. To see this,
let b = {β, γ} be a separatingHBP in S such that at least one of the two components of Sb
of positive genus contains a component of ∂S. LetQ1,Q2 andQ3 denote the components
of Sb so that Q1 and Q3 are of positive genus, and Q1 contains a component of ∂S. We
may assume that β is a component of ∂Q1. Then, there exist subgroups L,M1,M2 and
N1 of Γ such that M2 is non-amenable, N1 is infinite and amenable, we have Γb < L,
N1 C M1,M2 C M1 andM2 C L, and we have [L : Γb] = ∞. In fact, letting R be the
component of Sβ containing Q2 and Q3 and setting
L = Γβ, M2 = ker θR ∩ Γ, N1 = Tb ∩ Γ and M1 =M2 ∨N1,
we can check that these groups satisfy the desired properties.
4.3. Proof of tautness. Throughout this subsection, except for the proof of Theorem
4.3, we fix the following notation: Let S = Sg,k be a surface with g ≥ 2 and k ≥ 2. We
set Γ = P(S) ∩Mod(S; 3). We also set V = Vc(S) ∪ Vp(S) and V0 = Vc(S) ∪ Vnp(S).
Let Γ y (X, µ) and Γ y (Y, ν) be p.m.p. actions, and denote by G = Γ n X and
H = Γ nY. Suppose that we have non-negligible subsetsA ⊂ X and B ⊂ Y with ΓA = X
and ΓB = Y, and have an isomorphism f : G|A → H|B.
As before, for any set L on which Γ acts and for any element l ∈ L, we denote by Γl
the stabilizer of l in Γ and we set Gl = Γl n X andHl = Γl n Y. For v ∈ V , we denote by
Tv = (Tv ∩ Γ)n X and Uv = (Tv ∩ Γ)n Y.
Lemma 4.11. For any v ∈ V0, there exist a countable set N, a partition A =
⊔
n∈NAn into
measurable subsets andwn ∈ V indexed by n ∈ N with f(Gv|An) = Hwn |f(An) for any n ∈ N.
Proof. Fix v ∈ V0. By Lemma 4.7 (i) and Lemma 4.8 (i), Gv is nowhere amenable. By
Lemma 4.7 (ii) and Lemma 4.8 (ii), Gv|A satisfies condition (∗) in Lemma 4.6, and so
does the image f(Gv)|B. We setM = f(Gv)|B and N = f(Tv)|B. Applying Lemma 4.6 to
N C M, we have a partition B =
⊔
n Bn into countably many measurable subsets such
that for any n, one of the following cases occurs:
(1) There exists a w ∈ V withM|Bn = Hw|Bn .
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(2) All of the CRS’s and the T, IA and IN systems ofM|Bn andN|Bn are constant, and
letting σ ∈ Σ(S) denote the value of the CRS ofM|Bn , we have the following: No
curve in σ is an HBC in S, no pair of two curves in σ is an HBP in S, and there
exists an IA component of N|Bn .
The lemma follows if for any n, case (2) never occurs. Assume that there is an n for
which case (2) occurs. By Lemma 3.17, we have subgroupoidsL,M1,M2 andN1 ofH|Bn
such that M2 is nowhere amenable, N1 is amenable and nowhere finite, and we have
M < L,N1 CM1,M2 CM1 andM2 C L, and for any non-negligible subset C of Bn, we
haveM|C 6= L|C. The image of L,M1,M2 and N1 under f−1 also has the same property.
Applying Lemma 4.7 (iii) and Lemma 4.8 (iii) to the groupoid Gv|f−1(Bn) = f
−1(M|Bn)
and the images of L, M1, M2 and N1 under f−1, we obtain the equation Gv|f−1(Bn) =
f−1(L)|f−1(Bn). This is a contradiction. 
Lemma 4.12. For any v ∈ V0, there exist a countable set N, a partition A =
⊔
n∈NAn into
measurable subsets and wn ∈ V indexed by n ∈ N with f(Tv|An) = Uwn |f(An) for any n ∈ N.
Proof. Fix v ∈ V0. By Lemma 4.11, we have a countable set N, a partition A =
⊔
n∈NAn
into measurable subsets and wn ∈ V indexed by n ∈ N with f(Gv|An) = Hwn |f(An) for
any n ∈ N. We have Tv C Gv and thus f(Tv|An) C Hwn |f(An) for any n. By Lemma
4.7 (iv) and Lemma 4.9, taking a finer partition of A, we may suppose that for any
n, the inclusion f(Tv|An) < Uwn |f(An) holds. Applying Lemma 4.7 (iv) and Lemma
4.9 to f−1(Uwn)|An , we can find a finer partition of A so that for any n, the equation
f(Tv|An) = Uwn |f(An) holds. 
Note that for any non-negligible subset B1 ⊂ B and for anyw1, w2 ∈ V , the equation
Uw1 |B = Uw2 |B implies w1 = w2. This follows from that for any distinct v1, v2 ∈ V , the
intersection Tv1 ∩ Tv2 is trivial.
We define a map ϕ0 : A×V0 → V as follows: Pick v ∈ V0. By Lemma 4.12, we have a
partitionA =
⊔
nAn into measurable subsets andwn ∈ V with f(Tv|An) = Uwn |f(An) for
any n. We set ϕ0(x, v) = wn for x ∈ An. This definition is independent of the choice of
the partition of A because of the assertion in the previous paragraph.
Lemma 4.13. For almost every x ∈ A, the map ϕ0(x, ·) : V0 → V defines a superinjective map
from CPn(S) into CP(S).
Proof. Pick v1, v2 ∈ V0 and a non-negligible subset Z of A such that for any i = 1, 2,
we have f(Tvi |Z) = Uwi |f(Z) with some wi ∈ V . Suppose first that I(v1, v2) = 0. The
groupoid (Tv1 |Z)∨(Tv2 |Z) is amenable, and so is its image under f, (Uw1 |f(Z))∨(Uw2 |f(Z)).
If we had I(w1, w2) 6= 0, then for any sufficiently large n,m ∈ N, tnw1 and tmw2 would
generate a free group of rank 2. This is proved similarly to [Ki06, Lemma 5.3] through
[Iv92, Theorem 4.3]. By [Ki06, Lemma 3.20], (Uw1 |f(Z)) ∨ (Uw2 |f(Z)) is non-amenable.
This is a contradiction. We therefore have I(w1, w2) = 0. A verbatim argument shows
that if I(w1, w2) = 0, then I(v1, v2) = 0. Thus the statement follows. 
By Theorem 4.4, for almost every x ∈ A, there exists a unique h ∈Mod∗(S) such that
for any v ∈ V0, the equation ϕ0(x, v) = hv holds. We define ϕ(x) ∈ Mod∗(S) to be this
h and obtain the map ϕ : A→Mod∗(S), which is measurable.
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Lemma 4.14. Let η : G|A → Γ denote the composition of the isomorphism f : G|A → H|B with
the projection fromH onto Γ . Then, for any γ ∈ Γ and almost every x ∈ A ∩ γ−1A, we have
η(γ, x) = ϕ(γx)γϕ(x)−1.
Proof. We proceed in a similar manner as in the proof of [Ki06, Lemma 5.5]. Pick γ ∈ Γ
and v ∈ V0. It suffices to show that the equation
η(γ, x)ϕ(x)v = ϕ(γx)γv
holds, for almost every x ∈ A∩γ−1A. Consider a non-negligible subsetZ ⊂ A satisfying
the following: γZ ⊂ A; there exists δ ∈ Γ with η(γ, x) = δ for any x ∈ Z; the map ϕ is
constant on Z and on γZ and denote by s, t ∈Mod∗(S) its constant values, respectively;
and we have f(Tv|Z) = Usv|f(Z) and f(Tγv|γZ) = Utγv|f(γZ). The set A ∩ γ−1A is covered
by countably many such subsets as Z.
For h ∈ Γ , let Adh be the inner automorphism of G defined by
Adh(l, x) = (h, lx)(l, x)(h, x)−1 = (hlh−1, hx) for (l, x) ∈ G.
For any α ∈ V(S) and h ∈ Mod∗(S), the equation htαh−1 = tεhα holds, where ε = 1 if
h ∈ Mod(S), and ε = −1 otherwise ([Iv02, Lemma 4.1.C]). It follows that Adγ(Tv|Z) =
Tγv|γZ. Applying f to this equation, we get that Adδ(Usv|f(Z)) = Utγv|f(γZ). The left
hand side equals Uδsv|δf(Z). Hence δsv = tγv holds which in turn gives the desired
equation. 
Proof of Theorem 4.3. The proof uses the connection between ME couplings and stable
orbit equivalence, revealed in [Fu99b]. Our aim is to show that P(S) is taut relative
to Mod∗(S). We check conditions (1) and (2) in Definition 4.2. Condition (2) follows
from Lemma 2.4. To check condition (1), let (Σ,m) be a self-coupling of P(S). We set
Γ = P(S) ∩Mod(S; 3). The space (Σ,m) is also a self-coupling of Γ . To distinguish two
Γ ’s, we putΛ = Γ and regard (Σ,m) as a (Γ,Λ)-coupling. Pick measurable fundamental
domains X, Y ⊂ Σ for the actions {e} × Λ y Σ and Γ × {e} y Σ, respectively. Let
η : Γ × X → Λ be the cocycle defined so that (γ, η(γ, x))x ∈ X for γ ∈ Γ and x ∈ X. The
map (γ, x) 7→ (γ, η(γ, x))x defines the natural action of Γ on X, which is p.m.p. with
respect to the restriction of m to X. To distinguish this action from the original action
of Γ × {e} on Σ, we denote (γ, η(γ, x))x by γ · x, using a dot. We also have the natural
p.m.p. action of Λ on Y. We set G = Γ n X andH = Λn Y.
By [Ki09a, Lemma 2.27], we can choose X and Y so that, putting Z = X ∩ Y, we
have Γ · Z = X and Λ · Z = Y. By [Ki09a, Proposition 2.29], we have the isomorphism
f : G|Z → H|Z defined by f(γ, x) = (η(γ, x), x) for (γ, x) ∈ G|Z. By Lemma 4.14, there
exists a measurable map ϕ : Z→Mod∗(S) satisfying the equation
(4.1) η(γ, x) = ϕ(γx)γϕ(x)−1 for almost every (γ, x) ∈ G|Z.
We define a map Φ : Σ→Mod∗(S) by
Φ((γ, λ)x) = γϕ(x)−1λ−1 for γ ∈ Γ, λ ∈ Λ and x ∈ Z.
Using the same arguments as in the proofs of [Ki06, Theorem 5.6] and [Ki09b, Theorem
4.4], the formula (4.1) above shows that Φ is well-defined. By definition, the map Φ is
(Γ ×Λ)-equivariant.
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The group Γ = Λ is a finite index subgroup of P(S). As Γ = Λ is a normal subgroup
of the finite index subgroup Mod(S; 3) of Mod(S), by Lemma 2.4, the Dirac measure
on the neutral element is the only probability measure on Mod∗(S) invariant under
conjugation by Γ = Λ. By these two facts, [Ki06, Lemma 5.8] is applicable to Φ, and
it implies that Φ is (P(S) × P(S))-equivariant. Hence, condition (1) in Definition 4.2
holds. 
5. Tautness of the Torelli group and the Johnson kernel
Let S = Sg,k be a surface. As in Subsection 4.1 above, for α ∈ V(S), let tα ∈ PMod(S)
denote the Dehn twist about α and Tα denote the group generated by tα. For a BP
b = {β, γ} in S, let Tb denote the group generated by tβt−1γ . We define the Torelli group
I(S) as the group generated by all Tα and Tb with α ∈ Vs(S) and b ∈ Vbp(S). We define
the Johnson kernel K(S) as the group generated by all Tα with α ∈ Vs(S). We refer to
[FM11, Chapter 6] for background of these groups. The main result of this section is
the following:
Theorem 5.1. Let S = Sg,k be a surface. Then, the following assertions hold:
(i) If either g = 1 and k ≥ 3; g = 2 and k ≥ 1; or g ≥ 3 and k ≥ 0, then I(S) is taut
relative to Mod∗(S).
(ii) If either g = 1 and k ≥ 3; g = 2 and k ≥ 2; or g ≥ 3 and k ≥ 0, then K(S) is taut
relative to Mod∗(S).
The proof of this theorem follows the same outline as the proof of Theorem 4.3 above
and therefore many details will be omitted. We will only state several keys lemmas in
Subsections 5.2 and 5.3 which, in the same spirit as in the previous sections, provide an
algebraic description of various geometric subgroupoids.
Remark 5.2. We briefly discuss the cases not covered by Theorem 5.1. Suppose g = 0.
We have Vc(S) = Vs(S) = V(S) and P(S) = K(S) = I(S) = PMod(S). If k ≥ 5, then by
[Ki06, Corollary 5.9] PMod(S) is taut with respect to Mod∗(S). If k = 4, then PMod(S)
is commensurable with a free group of rank 2. If k ≤ 3, then PMod(S) is trivial.
Suppose g = 1. We have Vc(S) = Vs(S), Vp(S) = Vbp(S) and P(S) = I(S). If k ≤ 1,
then both I(S) and K(S) are trivial. If k = 2, then I(S) and K(S) are isomorphic to the
free groups of rank 2 and∞, respectively, by Birman’s exact sequence.
Suppose g = 2. If k = 0, then Vbp(S) is empty, we have K(S) = I(S), and the group
I(S) is isomorphic to the free group of rank∞ ([Me92, BBM10]). If k = 1, then K(S) is
not a free group because there exist two separating curves in S which are disjoint and
non-isotopic. In this case we do not knowwhetherK(S) is taut relative toMod∗(S). The
main difficulty here stems from the fact that the complex of separating curves, Cs(S),
defined in Subsection 5.1, has simplicial automorphisms which are not induced by an
element of Mod∗(S) (see [Ki09c, Remark 1.3]).
5.1. Complexes for the Torelli group and the Johnson kernel. We consider the fol-
lowing versions of curves complexes:
Complexes T(S) and Cs(S). We define T(S) as the abstract simplicial complex so that
the set of vertices is the disjoint union Vs(S) ∪ Vbp(S), and a non-empty finite subset σ
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of Vs(S) ∪ Vbp(S) is a simplex of T(S) if and only if I(u, v) = 0 for any u, v ∈ σ. The
complex T(S) is called the Torelli complex of S.
We define Cs(S) as the full subcomplex of C(S) spanned by Vs(S). This is identified
with the full subcomplex of T(S) spanned by Vs(S). The complex Cs(S) is called the
complex of separating curves of S.
The Torelli complex was examined by Farb-Ivanov [FI05], McCarthy-Vautaw [MV03]
and Brendle-Margalit [BM04, BM08] to compute virtual automorphisms of the Torelli
group. They have dealt mostly with closed surfaces, and subsequently Yamagata and
the second author have generalized their results to the following ([Ki09c, Theorem 1.1],
[KY10c, Theorem 1.2]):
Theorem 5.3. Let S = Sg,k be a surface and suppose either g = 1 and k ≥ 3; g = 2 and k ≥ 1;
or g ≥ 3 and k ≥ 0. Then, any simplicial automorphism φ of T(S) is induced by an element of
Mod∗(S), that is, there exists an h ∈ Mod∗(S) such that φ(v) = hv for any vertex v of T(S).
Moreover, such an h is unique.
The complex of separating curves was examined by Farb-Ivanov [FI05] and Brendle-
Margalit [BM04, BM08] to compute virtual automorphisms of the Johnson kernel. They
have dealtmostlywith closed surfaces, and subsequently the second author generalized
their results to the following ([Ki09c, Theorem 1.2]):
Theorem 5.4. Let S = Sg,k be a surface and suppose either g = 1 and k ≥ 3; g = 2 and k ≥ 2;
or g ≥ 3 and k ≥ 0. Then, any simplicial automorphism φ of Cs(S) is induced by an element of
Mod∗(S), that is, there exists an h ∈Mod∗(S) such that φ(v) = hv for any vertex v of Cs(S).
Moreover, such an h is unique.
Assertions (i) and (ii) of the next theoremwere obtained in [Vau02] and [BBM10], re-
spectively, in the context of for closed surfaces. Relying on those assertions, the second
author obtained the following generalization:
Theorem 5.5. [Ki09c, Theorem 6.1] Let S = Sg,k be a surface satisfying 3g+ k− 4 > 0 and
fix σ ∈ Σ(S). Then, the following assertions hold:
(i) The group Dσ ∩ I(S) is generated by all Tα and Tb, where α ∈ σ ∩ Vs(S), b ∈ Vbp(S)
and b ⊂ σ.
(ii) The group Dσ ∩K(S) is generated by all Tα, where α ∈ σ ∩ Vs(S).
The following lemma will be used in Subsection 5.2:
Lemma 5.6. Let S = Sg,k be a surface with 3g + k − 4 > 0. Let α ∈ V(S) be a separating
curve in S cutting off a handle Q from S. Then θQ(I(S)α) is trivial.
Proof. Let S¯ be the closed surface obtained by attaching a disk to each component of ∂S.
The group I(S) acts onH1(S¯,Z) trivially. The group θQ(I(S)α) acts onH1(Q,Z) trivially
becauseH1(Q,Z) is a subgroup ofH1(S¯,Z) through the inclusion ofQ into S¯. Then the
lemma follows because Mod(Q) acts on H1(Q,Z) faithfully. 
5.2. Geometric subgroupoids for the Torelli group. Throughout this subsection, we
fix the following notation: Let S = Sg,k be a surface with either g = 1 and k ≥ 3; g = 2
and k ≥ 1; or g ≥ 3 and k ≥ 0. Denote by Γ = I(S) ∩Mod(S; 3) and let Γ y (X, µ) be a
26 I. CHIFAN AND Y. KIDA
p.m.p. action. Define G = Γ n X and denote by ρ : G → Γ the canonical projection. For
any set V on which Γ acts and for any element v ∈ V , we denote by Γv the stabilizer of v
in Γ and we let Gv = Γv n X. For every v ∈ Vs(S) ∪ Vbp(S)we set Tv = (Tv ∩ Γ)n X.
Lemma 5.7. Let Y be a non-negligible subset of X, M a nowhere amenable subgroupoid of
G|Y , and N an amenable and nowhere finite subgroupoid with N C M. Suppose the following
condition holds:
(∗) IfM1 and N1 are subgroupoids of G|Y such that N1 is amenable and nowhere finite and
we haveM <M1 and N1 CM1, thenM =M1.
Then, there exists a partition Y =
⊔
n Yn into countably many measurable subsets such that for
any n, one of the following cases occurs:
(1) There exists a v ∈ Vs(S) ∪ Vbp(S) withM|Yn = Gv|Yn .
(2) All of the CRS’s and the T, IA and IN systems ofM|Yn andN|Yn are constant, and letting
σ ∈ Σ(S) to be the value of the CRS ofM|Yn , we have the following: No curve in σ is
separating in S, no pair of two curves in σ is a BP in S, and there exists an IA component
of N|Yn .
Proof. The proof will be omitted as it follows verbatim as the proof of Lemma 4.6 above.
We only remark that in the course of the proof, one has to use Theorem 5.5 (i) in place
of Lemma 4.5. 
Lemma 5.8. Fix v ∈ Vs(S) ∪ Vbp(S). Let Y be a non-negligible subset of X and setM = Gv|Y .
Then, the following assertions hold:
(i) The group Γv is non-amenable, andM is therefore nowhere amenable.
(ii) The groupoidM satisfies condition (∗) in Lemma 5.7.
(iii) Let L,M1,M2 andN1 be subgroupoids of G|Y such thatM2 is nowhere amenable,N1 is
amenable and nowhere finite, and we haveM < L, N1 CM1,M2 CM1 andM2 C L.
ThenM = L.
(iv) IfN is an amenable and nowhere finite subgroupoid ofMwithN CM, then there exists
a partition Y =
⊔
n Yn into countably many measurable subsets such thatN|Yn < Tv|Yn
for any n.
Proof. Let Q be a component of Sv. Either Q is a pair of pants, Q is a handle, or θQ(Γv)
is non-elementary. IfQ is a handle, then v is a separating curve in S cutting offQ from
S, and for any R ∈W(Q), we have ∂Q ⊂ ∂R. It follows that for any R ∈W(Q), we have
ΓR < Γv. By Lemma 5.6, θQ(Γv) is trivial, and so is θR(ΓR).
It follows that if v ∈ Vs(S), then conditions (a)–(c) in Lemma 3.14 hold. If v ∈ Vbp(S),
then conditions (a)–(c) in Lemma 3.15 hold, where we use Theorem 5.5 (i) to check that
Tβ ∩ Γ is trivial for any curve β of v. The lemma is proved similarly to Lemma 4.7. 
Using Theorem 5.3 and the above two lemmas, one can show Theorem 5.1 (i) follow-
ing the same line of proof as in Theorem 4.3. We leave the details to the reader.
5.3. Geometric subgroupoids for the Johnson kernel. Throughout this subsection,
we fix the following notation: Let S = Sg,k be a surface with either g = 1 and k ≥ 3;
g = 2 and k ≥ 2; or g ≥ 3 and k ≥ 0. Denote by Γ = K(S)∩Mod(S; 3) and let Γ y (X, µ)
be a p.m.p. action. Denote by G = Γ n X and let ρ : G → Γ be the canonical projection.
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For any set V onwhich Γ acts and for every element v ∈ V , we denote by Γv the stabilizer
of v in Γ and set Gv = ΓvnX. For every element v ∈ Vs(S), we denote by Tv = (Tv∩Γ)nX.
Lemma 5.9. Let Y be a non-negligible subset of X, M a nowhere amenable subgroupoid of
G|Y , and N an amenable and nowhere finite subgroupoid with N C M. Suppose the following
condition holds:
(∗) IfM1 and N1 are subgroupoids of G|Y such that N1 is amenable and nowhere finite and
we haveM <M1 and N1 CM1, thenM =M1.
Then, there exists a partition Y =
⊔
n Yn into countably many measurable subsets such that for
any n, one of the following cases occurs:
(1) There exists an α ∈ Vs(S) withM|Yn = Gα|Yn .
(2) All of the CRS’s and the T, IA and IN systems ofM|Yn andN|Yn are constant, and letting
σ ∈ Σ(S) to be the value of the CRS ofM|Yn , we have the following: No curve in σ is
separating in S, and there exists an IA component of N|Yn .
Proof. The proof will be omitted as it follows verbatim as the proof of Lemma 4.6 above.
We only remark that in the course of the proof, one has to use Theorem 5.5 (ii) in place
of Lemma 4.5. 
Lemma 5.10. Pick α ∈ Vs(S). Let Y be a non-negligible subset of X and setM = Gα|Y . Then,
the following assertions hold:
(i) The group Γα is non-amenable, andM is therefore nowhere amenable.
(ii) The groupoidM satisfies condition (∗) in Lemma 5.9.
(iii) Let L,M1,M2 andN1 be subgroupoids of G|Y such thatM2 is nowhere amenable,N1 is
amenable and nowhere finite, and we haveM < L, N1 CM1,M2 CM1 andM2 C L.
ThenM = L.
(iv) IfN is an amenable and nowhere finite subgroupoid ofMwithN CM, then there exists
a partition Y =
⊔
n Yn into countably many measurable subsets such thatN|Yn < Tα|Yn
for any n.
Proof. For any component Q of Sα, either Q is a pair of pants, Q is a handle, or θQ(Γα)
is non-elementary. Applying Lemma 3.14 as in the proof of Lemma 5.8, we obtain the
lemma. 
Using Theorem 5.4 and the above two lemmas, one can show Theorem 5.1 (ii) fol-
lowing the same line of proof as in Theorem 4.3. Again, we leave the details to the
reader.
6. Applications toME and OE superrigidity
In this section we summarize several applications of the tautness results proved in
the Sections 4-5. Deriving measure equivalence (ME) and orbit equivalence (OE) rigid-
ity results from the tautness property is a method which traces back to the influential
work of Furman [Fu99a, Fu99b, Fu01]. Since then, this strategywas successfully applied
in many subsequent developments, e.g., [BFS10, Ki06, Ki08, Ki09b, Ki10, MS04, Sa09].
Recycling these methods we obtain several newME and OE rigidity results for large
classes of surface braid groups, Torelli groups, and Johnson kernels. For the proofs
of these results we will refer the reader to the relevant previous papers. For instance,
28 I. CHIFAN AND Y. KIDA
applying the method of deriving ME-rigidity from tautness shown in [Ki09b, Theorem
3.5] on the basis of [Fu99a], we obtain the following:
Theorem 6.1. Let S = Sg,k be a surface and denote by G = Mod∗(S). Let Γ be a group in one
of the following classes:
• Γ = P(S), where g ≥ 2, k ≥ 2.
• Γ = I(S), where either g = 1, k ≥ 3; g = 2, k ≥ 1; or g ≥ 3, k ≥ 0.
• Γ = K(S), where either g = 1, k ≥ 3; g = 2, k ≥ 2; or g ≥ 3, k ≥ 0.
Then for every countable group Λ that is measure equivalent to Γ there exists a homomorphism
φ : Λ→ G such that kerφ is finite and φ(Λ) is commensurable with Γ .
Also, combining our tautness results with the results in [Fu01, Section 2] we derive
the following:
Theorem 6.2. Denote by S,G and Γ as in Theorem 6.1. Let Γ1 be a finite index subgroup of Γ ,H
be a second countable, locally compact group, and ι : Γ1 → H be an injective homomorphism such
that ι(Γ1) a lattice of H. Then, there exists a continuous homomorphism Φ : H → G such that
kerΦ is compact, the image Φ(H) is commensurable with Γ , and for any γ ∈ Γ1, the equation
Φ(ι(γ)) = γ holds. In particular,H1 = Φ−1(Γ1) is a finite index subgroup ofH that admits the
following semi-direct decomposition H1 = ι(Γ1)n kerΦ.
To state properly the orbit equivalence rigidity results we recall some definitions:
Definition 6.3. Two ergodic p.m.p. actions Γ y (X, µ) and Λy (Y, ν) are called
(1) conjugate if there exist a probability space isomorphism ψ : (X, µ) → (Y, ν) and
a group isomorphism δ : Γ → Λ such that ψ(γx) = δ(γ)ψ(x), for any γ ∈ Γ and
almost every x ∈ X.
(2) stably conjugate if there exist finite index subgroups Γ0 < Γ , Λ0 < Λ, and finite
normal subgroups N C Γ0,M C Λ0 such that
• the action Γ y (X, µ) is induced from some p.m.p. action Γ0 y (X0, µ0).
• the action Λy (Y, ν) is induced from some p.m.p. action Λ0 y (Y0, ν0).
• the actions Γ0/Ny (X0, µ0)/N and Λ0/My (Y0, ν0)/M are conjugate.
(3) orbit equivalent (OE) if there exists a probability space isomorphism ψ : (X, µ)→
(Y, ν) such that ψ(Γx) = Λψ(x), for almost every x ∈ X.
(4) stably orbit equivalent (stablyOE) if there exist non-negligible subsets A ⊂ X, B ⊂
Y and a probability space isomorphism ψ : (A,µ(A)−1µ|A) → (B, ν(B)−1ν|B)
such that ψ(Γx ∩A) = Λψ(x) ∩ B, for almost every x ∈ A.
Here, we say that an ergodic p.m.p. action Γ y (X, µ) is induced from a p.m.p. action
Γ0 y (X0, µ0) of a finite index subgroup Γ0 of Γ if X0 is a Γ0-invariant and non-negligible
subset of X such that µ(γX0 ∩ X0) = 0 for any γ ∈ Γ \ Γ0.
Finally, we say that a p.m.p. action Γ y (X, µ) is aperiodic if any finite index subgroup
of Γ acts on (X, µ) ergodically.
It is clear from the definitions that (stable) conjugacy implies (stable) OE for actions.
The reversed implications are false in general and whenever they hold are labeled as
OE-rigidity phenomena. A free, ergodic, p.m.p. action Γ y (X, µ) is called
(1) OE-superrigid if whenever Λ y (Y, ν) is a free, ergodic, p.m.p. action which is
OE to Γ y (X, µ), the actions Λy (Y, ν) and Γ y (X, µ) are conjugate.
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(2) stablyOE-superrigid ifwheneverΛy (Y, ν) is a free, ergodic, p.m.p. actionwhich
is stably OE to Γ y (X, µ), the actions Λ y (Y, ν) and Γ y (X, µ) are stably
conjugate.
Our tautness results in combination with the technique from [Fu99a, Fu99b] provide
many new examples of OE-superrigid actions. Also, as its by-product we obtain new
examples of countable p.m.p. equivalence relations with trivial fundamental group.
Theorem 6.4. Let Γ be the group as in Theorem 6.1. Then any free, ergodic, p.m.p. action
Γ y (X, µ) is stably OE-superrigid. If the action is further aperiodic, then it is OE-superrigid.
Theorem 6.5. Let Γ be the group as in Theorem 6.1. Then the equivalence relation arising from
any free, ergodic, p.m.p. action Γ y (X, µ) has the trivial fundamental group.
In the remaining part of the sectionwe show the tautness property for direct products
of groups in Theorem 6.1. Recall that Monod-Shalom’s class C consists of countable
groups Γ which admit a mixing unitary representation pi on a Hilbert space such that
the second bounded, pi-valued cohomology group H2b(Γ, pi) does not vanish [MS04].
First we review a few general facts on tautness. Let Γ be a countable group, and
denote by Comm(Γ) the abstract commensurator of Γ . There exists a natural homomor-
phism from Γ into Comm(Γ) which is injective if and only if Γ is ICC, [Ki09b, Lemma
3.8]. If there exists a countable group G such that Γ < G and Γ is taut relative to G then
it follows from [Ki09b, Lemma 3.9] that G contains Comm(Γ) and Γ is taut relative to
Comm(Γ).
Theorem 6.6. Suppose that Γ1, . . . , Γn are countable ICC groups in Monod-Shalom’s class C
and that each Γi is taut relative to Comm(Γi). Then the direct product Γ1 × · · · × Γn is taut
relative to Comm(Γ1 × · · · × Γn).
Proof. The proof relies heavily upon themethods used [MS04] and it is essentially given
in [Ki06, Section 7], where direct products of mapping class groups are treated. Let
Γ = Γ1 × · · · × Γn and Gi = Comm(Γi). We set
I = { (i, j) ∈ {1, . . . , n}2 | Γi and Γj are commensurable. }.
Denote by ηii : Γi → Γi the identity map. For (i, j) ∈ I with i < j, we fix an isomorphism
η
j
i : Γ
0
i → Γ 0j between finite index subgroups Γ 0i < Γi and Γ 0j < Γj. For (i, j) ∈ Iwith i > j,
we define ηji to be the inverse of ηij. Let T be the set of bijections t : {1, . . . , n}→ {1, . . . , n}
such that (i, t(i)) ∈ I, for all i.
The groupG1×· · ·×Gn is naturally a subgroup of Comm(Γ). For any bijection t ∈ T
there exists an element ηt ∈ Comm(Γ) induced by the isomorphism
(γ1, . . . , γn) 7→ (η1t(1)(γt(1)), . . . , ηnt(n)(γt(n))).
Let G be the subgroup of Comm(Γ) generated by G1 × · · · × Gn and the elements ηt.
The group G is a finite extension of G1 × · · · × Gn and does not depend on the choice
of ηji. Next we will show that Γ is taut relative to G. Before doing so we briefly notice
that in particular this implies the equalityG = Comm(Γ)which is not necessary for the
proof of the theorem.
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Let (Σ,m) be a self-coupling of Γ . To distinguish the two actions of Γ , we set Λi =
Γi and Λ = Γ , and we view (Σ,m) as a (Γ,Λ)-coupling. We will identify Γi with the
subgroup {e} × · · · × {e} × Γi × {e} × · · · × {e} of Γ , and Γ with the subgroup Γ × {e} of
Γ × Λ. Similarly, the subgroups Λi and Λ will be identified with subgroups of Γ × Λ.
proceeding as in the proof of [MS04, Proposition 5.1 and Theorem 1.16], there exists a
decompositionΣ =
⊔
t∈T Σt into (Γ×Λ)-invariantmeasurable subsets such that for each
t ∈ T , there exist fundamental domains Xt, Yt ⊂ Σt for the actions Λy Σt and Γ y Σt,
respectively, satisfying ΓiXt ⊂ Λt(i)Xt and Λt(i)Yt ⊂ ΓiYt, for all i. We may assume that
Σ = Σt for some t ∈ T , and set X = Xt and Y = Yt.
We set Γ ′i =
∏
j 6=i Γj and Λ ′i =
∏
j6=iΛj. Let Σi be the space of ergodic components
for the action Γ ′i × Λ ′t(i) y (Σ,m), and denote by pii : Σ → Σi the projection. We define
a measure µi on Σi by projecting the restriction of m to ΓiY and a measure νi on Σi
by projecting the restriction of m to Λt(i)X. Notice that µi and νi are both (Γi × Λt(i))-
invariant and are equivalent. It follows that there exists a measuremi equivalent to µi
and with respect to which Σi is a (Γi, Λt(i))-coupling. For a precise proof, the reader is
referred to the proof of [MS04, Theorem 1.16].
The space (Σi,mi) is a self-coupling of Γi given by the formula (γ, λ)x = (γ, ηt(i)i (λ))x,
for γ, λ ∈ Γi and x ∈ Σi. By the tautness assumption, there exists a measurable, (Γi×Γi)-
equivariant map Φi : Σi → Gi. Denote by Φi = Φi ◦ pii : Σ → Gi, s = t−1, and define a
map Φ : Σ→ G by letting
Φ((λ1, . . . , λn)x) = (Φ1(x), . . . , Φn(x))(η
1
s(1)(λs(1)), . . . , η
n
s(n)(λs(n)))
−1ηs
= (Φ1(x), . . . , Φn(x))ηs(λ1, . . . , λn)
−1
for all λi ∈ Λi and x ∈ X. Finally, one can check that this is well-defined and (Γ × Λ)-
equivariant. 
By [Ha08, Corollary B], all groups Mod(Sg,k), with 3g+k− 4 > 0 belong to C. More-
over, by [MS04, Proposition 7.4], the class C is also closed under taking a normal sub-
group. Thus, all groups described in Theorem 6.1 belong to C as well. Consequently,
we have the following:
Corollary 6.7. Let Γ1, . . . , Γn be any groups as in Theorem 6.1. Then Γ1 × · · · × Γn is taut
relative to Comm(Γ1 × · · · × Γn).
Remark 6.8. As mentioned earlier, this tautness property implies that Theorems 6.1,
6.2, 6.4 and 6.5 also hold for products groups Γ = Γ1× · · ·× Γn, where Γi are any groups
as in Theorem 6.1.
7. Applications toW∗-superrigidity
In this section we will explain how the orbit equivalence superrigidity results ob-
tained in the previous section can be used in combination with the uniqueness of Car-
tan subalgebra results proved in [CIK13] to produce new examples of (stably) W∗-
superrigid actions. This will include large classes of actions by many of the normal
subgroups of mapping class groups considered in the previous sections. To be able to
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state these results we will first recall some terminology and will provide some context
from [CIK13].
Definition 7.1. Denote by Crss the collection of groups consisting of all non-elementary
hyperbolic groups and all non-amenable, non-trivial free products of groups. By defi-
nition we let Quot1(Crss) := Crss. For a given integer n ≥ 2, we denote by Quotn(Crss)
the collection of all groups Γ satisfying the following properties:
• there exists a family of groups Γk, 1 ≤ k ≤ n, such that Γ = Γn, Γ1 ∈ Crss, and
• there exists a family of surjective homomorphisms pik : Γk → Γk−1 such that
ker(pik) ∈ Crss, for all 2 ≤ k ≤ n.
We denote by Quot(Crss) :=
⋃
n∈NQuotn(Crss), the class of all finite-step extensions of
groups in Crss.
Using recent striking classification results for normalizers of amenable subalgebras
in finite von Neumann algebras due to Popa and Vaes [PV11, PV12] and to Ioana [Io12],
the following dichotomy was proved in [CIK13, Theorem 3.1]: Let Γ ∈ Quot(Crss), let
Γ y (B, τ) be a trace-preserving action on a finite von Neumann algebra (B, τ) and de-
note by P = Bo Γ the corresponding crossed product von Neumann algebra. Then for
any masa A ⊂ P one of the following holds: 1) a corner of A can be intertwined into B
inside P in the sense of Popa [Po03, Theorem 2.1, Corollary 2.3] or 2) the normalizing
algebraNP(A) ′′ has infinite Pimsner-Popa index inside P [PP86, Theorem 2.2]. For sim-
ilar results regarding actions by group extensions the reader may also consult S. Vaes
and P. Verraedt’s more recent work [VV14]. In particular, our dichotomy can be used
to produce many new examples of free, ergodic, p.m.p. group actions on probability
spaces which give rise to von Neumann algebras with unique Cartan subalgebra.
Theorem 7.2. [CIK13, Corollary 3.2] If Γ ∈ Quot(Crss) then any free, ergodic, p.m.p. action
Γ y (X, µ) is C-superrigid.
The class Quot(Crss) is fairly large and includes many natural families of groups in-
tensively studied in other areas of mathematics, such as all non-elementary groups
that are hyperbolic relative to finite families of residually finite, infinite, proper sub-
groups [Os06, DGO11]; all mapping class groups associated to punctured surfaces Sg,k
where either g = 0, k ≥ 4; g = 1, k ≥ 1; or g = 2, k ≥ 0. For a more compre-
hensive list of groups in Quot(Crss) we refer the reader to [CIK13, Section 4.3] and
[CKP14, Section 3] together with all references therein. In particular, [CKP14, Theo-
rem 3.7 and Theorem 3.9] show that most surface braid groups along with most Torelli
groups and Johnson kernels associated with surfaces of low genus are natural exam-
ples of groups inQuot(Crss); moreover, by [CIK13, Lemma 2.10] the same holds for any
direct product of finitely many such groups. Hence, Theorem 7.2 is applicable to all
these groups and by further combining it with Theorem 6.4 and Remark 6.8 we obtain
new examples ofW∗-superrigid actions. These add to the previous examples found in
[Pe09, PV09, FV10, CP10, HPV10, Io10, CS11, CSU11, PV11, PV12, Bo12, CIK13].
Corollary 7.3. Let Γ = Γ1× · · ·× Γn be a product group such that each factor Γi is in one of the
following classes:
(i) P(Sg,k), where g ≥ 2, k ≥ 2.
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(ii) I(Sg,k), where either g = 1, k ≥ 3; or g = 2, k ≥ 1.
(iii) K(Sg,k) where either g = 1, k ≥ 3; or g = 2, k ≥ 2.
Then any free, ergodic, p.m.p. action Γ y (X, µ) is stablyW∗-superrigid. If the action is further
aperiodic, then it isW∗-superrigid.
Since by Remark 5.2 the central quotient P(S1,k) coincides with I(S1,k) for all k ≥ 3
the parts (i) and (ii) in the previous corollary together with [CIK13, Theorem A] set-
tle completely the W∗-superrigidity question for all free, aperiodic actions by (direct
products of finitely many) central quotients of most surface braid groups.
We conjecture that this W∗-superrigidity result also holds for the remaining cases,
in particular, for all free, ergodic, p.m.p. actions of Torelli groups and Johnson kernels
Γ = I(Sg,k),K(Sg,k) with g ≥ 3 and k ≥ 0. While we have already seen in the pre-
vious section that the OE-superrigidity holds, establishing the C-superrigidity prop-
erty seems a more challenging problem, even for particular actions such as profinite or
Bernoulli, as it requires a completely new technological approach.
Finally, we point out that the previous results can be exploited to produce new ex-
amples of II1 factors with trivial fundamental group.
Corollary 7.4. If Γ is the group as in Corollary 7.3 and Γ y (X, µ) is a free, ergodic, p.m.p.
action then the corresponding II1 factor P = L∞(X)o Γ has the trivial fundamental group.
Proof. Let R = { (x, y) ∈ X × X | Γx = Γy } be the equivalence relation arising from
the action Γ y (X, µ). By Theorem 7.2 L∞(X) is the unique Cartan subalgebra of P,
and hence the fundamental groups of P and R are isomorphic. By Theorem 6.5 the
conclusion of the corollary follows. 
8. C-superrigidity for actions by residually hyperbolic groups
In this section we use techniques similar with the ones developed in [CIK13] to show
that free, mixing, p.m.p. actions by many finitely presented, residually free groups are
C-superrigid (see Theorem 8.14 and Corollary 8.15 below). Before proceeding to the
proofs of these results we record three elementary group theory propositions which
will be used later. We thank the referee for simplifying our original proof of the follow-
ing proposition.
Proposition 8.1. Let Γ , H and A be countable groups such that Γ is ICC and A is virtually
abelian. Assume there exists Φ : Γ → H × A an injective group homomorphism such that
piA ◦ Φ(Γ) = A; here piA : H × A → A is the canonical projection. Then there exists a finite
index subgroup Γ0 < Γ and an injective group homomorphism ρ : Γ0 → H.
Proof. Notice that the ICC condition is preserved under passing to finite index sub-
groups. Hence, by passing to a finite index subgroup of Γ , we can assume that A is
abelian. Denote by ρ = piH ◦Φ the composition homomorphism Γ → H×A→ H. Let Z
be the kernel of ρ. ThenΦ(Z) ⊂ {e}×A. SinceΦ is injective and {e}×A is in the center
of H×A it follows that Z is in the center of Γ . But Γ is ICC, so its center is trivial. This
implies Z = {e} and hence ρ is the desired injective homomorphism. 
A subgroupΣ < Γ is calledmalnormal in Γ if for any γ ∈ Γ \Σwe have γΣγ−1∩Σ = {e}.
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Proposition 8.2. Let θ : Γ → Λ be a group homomorphism and let L < Λ be a malnormal
subgroup. Then for every h, k ∈ Γ \ θ−1(L) one of the following holds:
(1) hθ−1(L)k−1 ∩ θ−1(L) = ∅;
(2) there existsω ∈ θ−1(L) such that hθ−1(L)k−1 ∩ θ−1(L) = ωker(θ).
Proof. Assume (1) does not hold; there exists ω ∈ hθ−1(L)k−1 ∩ θ−1(L). Thus one
can find σ ∈ θ−1(L) so that hσk−1 = ω and hence h = ωkσ−1. Using this we get
hθ−1(L)k−1 ∩ θ−1(L) = ωkσ−1θ−1(L)k−1 ∩ θ−1(L) = ω(kθ−1(L)k−1 ∩ θ−1(L)).
On the other hand since k ∈ Γ \ θ−1(L) we have ker(θ) < kθ−1(L)k−1 ∩ θ−1(L) <
θ−1(θ(k)Lθ(k)−1 ∩ L) and using θ(k)Lθ(k)−1 ∩ L = {e} we obtain that kθ−1(L)k−1 ∩
θ−1(L) = ker(θ). This, together with the previous paragraph give (2). 
The next result classifies amenable subgroups of HNN extensions and amalgamated
free products over malnormal subgroups.
Lemma 8.3. The following assertions hold:
(i) Let G = Λ ?A B be an amalgamated free product such that A is proper in Λ and B,
and is malnormal in Λ. Then any amenable subgroup of G is either infinite cyclic or
contained in a conjugate of Λ or B in G.
(ii) LetΛ be a group,A a malnormal subgroup ofΛ, andφ : A→ Λ an injective homomor-
phism. Suppose that λAλ−1 ∩ φ(A) is trivial for any λ ∈ Λ. We define G = 〈Λ, t |
tat−1 = φ(a), a ∈ A 〉 as the HNN extension. Then any amenable subgroup of G is
either infinite cyclic or contained in a conjugate of Λ in G.
Proof. We prove assertion (i). Let T denote the Bass-Serre tree associated with the de-
composition G = Λ ?A B. Since A is malnormal in Λ, no non-neutral element of G fixes
a geodesic segment in T of length more than 2. Let us refer this fact as (?).
Let g be a non-neutral element of G. We say that g is elliptic if g fixes some vertex of
T . We say that g is hyperbolic if g fixes a bi-infinite geodesic in T , called the axis of g,
and acts on it by translation. It follows from [DD89, Proposition I.4.11] that any non-
neutral element of G is either elliptic or hyperbolic. Let ∂T be the boundary of T . For
a hyperbolic element g ∈ G, let g+ and g− denote the two fixed points of g in ∂T such
that for any point x of T , we have gnx→ g+ and g−nx→ g− as n→ +∞.
Claim 8.4. Let g, h ∈ G be hyperbolic elements. Suppose that there exists a point x ∈ ∂T
fixed by g and h. Then gp = hq for some non-zero integers p, q, and thus {g±} = {h±}.
Proof of Claim 8.4. Wemay assume x = g+ = h+ by exchanging hwith h−1 if necessary.
There exists a geodesic ray l starting at some vertex of T and toward x such that gl ⊂ l
and hl ⊂ l. We then have positive integers p, q such that g−phq fixes any vertex in l. By
fact (?), the equality gp = gq holds. 
Let M be an amenable subgroup of G. If any non-neutral element of M is elliptic,
then by [DD89, Theorem I.4.12] and fact (?), the group M fixes a vertex of T , and is
hence contained in a conjugate of Λ or B.
Suppose otherwise. We have a hyperbolic element g ∈M. We show that any element
h ∈ M fixes g+ and g−. Assuming hg+ 6∈ {g±}, we deduce a contradiction. If hg− ∈
{g±}, then applying Claim 8.4 to hgh−1 and g, we have {hg±} = {g±}. This contradicts
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our assumption. We therefore have hg− 6∈ {g±}. By the ping-pong argument, we can
show that the group generated by g and hgh−1 contains F2. This contradicts thatM is
amenable. It follows that hg+ ∈ {g±}. By Claim 8.4, we have {hg±} = {g±}. Since any
element of G fixing an edge of T also fixes its two vertices, we have hg± = g±.
We have shown that any element ofM fixes the axis of g. By measuring the transla-
tion distance, we obtain a homomorphism δ : M → Z. The kernel of δ fixes any vertex
of the axis, and is therefore trivial by fact (?). It follows that M is isomorphic to Z.
Assertion (i) was proved.
Assertion (ii) can also be proved along similar argument. The assumption implies
that in the associated Bass-Serre tree, for any geodesic segment of length more than 2,
its stabilizer in G is trivial. 
8.1. Popa’s intertwining-by-bimodules technique. Popa introduced in [Po03, Theo-
rem 2.1 and Corollary 2.3] a powerful technical tool to find intertwiners between subal-
gebras of a tracial von Neumann algebra called the intertwining-by-bimodules technique.
On a von Neumann algebra (M,τ) endowed with a faithful, normal, tracial state τ we
have a Hilbert norm given by ‖x‖2 = τ(x∗x)1/2, for all x ∈M.
Theorem 8.5. [Po03, Theorem 2.1 and Corollary 2.3] Let (M,τ) be a separable tracial von
Neumann algebra and let P,Q ⊂ M be (not necessarily unital) von Neumann subalgebras.
Then the following are equivalent:
(1) There exist non-zero projections p ∈ P, q ∈ Q, a ∗-homomorphism φ : pPp → qQq
and a non-zero partial isometry v ∈ qMp such that φ(x)v = vx, for all x ∈ pPp.
(2) There is no sequence un ∈ U(P) satisfying ‖EQ(xuny)‖2 → 0, for all x, y ∈M.
If one of the equivalent conditions of Theorem 8.5 holds true, thenwe say that a corner
of P embeds intoQ insideM and write P M Q. If Pp ′ M Q, for any non-zero projection
p ′ ∈ P ′ ∩ 1PM1P, then we write P sM Q.
Now we establish a several facts which are essential in the proof of the main result.
The first result provides a precise “location” of normalizers of various subalgebras in
crossed products arising from actions by malnormal subgroups. The result is largely
inspired from [Po81, Theorem 6.1] and [Po03, Theorem 3.1] and a proof is included only
for the sake of completeness.
Proposition 8.6. Let θ : Γ → Λ be a group homomorphism and let L < Λ be a malnormal
subgroup. Let Γ y A be a trace preserving action on a finite von Neumann algebra, consider the
crossed productsM = AoΓ ,N = Aoθ−1(Λ),Q = Aoker(θ) and notice thatQ ⊂ N ⊂M.
Let p ∈ N be a projection and let R ⊂ pNp be a von Neumann subalgebra such that R N Q.
Then NpMp(R) ′′ ⊂ pNp.
Proof. To get our conclusion it suffices to show that NpMp(R) ⊂ pNp. Fix u ∈ NpMp(R)
and let θ : R→ R be a ∗-isomorphism such thatux = θ(x)u, for all x ∈ R. SinceR ⊂ pNp,
this further implies that for all x ∈ Rwe have
(8.1) vx = θ(x)v,
where v = u− EN(u).
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Since R N Q, by Theorem 8.5 one can find a sequence of unitaries (xn)n ⊂ U(R)
such that
(8.2) lim
n→∞ ‖EQ(axnb)‖2 = 0, for all a, b ∈ N.
Fix ε > 0. By the Kaplansky Density Theorem there exist vε ∈ M and a finite subset
Fε ⊂ Γ \ θ−1(L) such that ‖vε‖∞ ≤ 2, ‖v − vε‖2 ≤ ε, and vε belongs to the linear span
of {aγuγ | aγ ∈ A,γ ∈ Fε }. These estimates combined with (8.1) and Cauchy-Schwarz
inequality lead to
‖v‖22 = τ(θ(x∗n)vxnv∗) ≤ 4ε+ τ(θ(x∗n)vεxnv∗ε)
≤ 4ε+ ‖EN(vεxnv∗ε)‖2 ≤ 4ε+ 4
∑
γ,λ∈Fε
‖EN(uγxnuλ−1)‖2.(8.3)
Using the Fourier expansion of xn and Proposition 8.2, basic calculations show that
for every γ, λ ∈ Fε there existsω ∈ θ−1(L) such that
|EN(uγxnuλ−1)‖22 =
∑
g∈θ−1(L)∩γ−1θ−1(L)λ
‖EA(xnug−1)‖22
=
∑
g∈ω ker(θ)
‖EA(xnug−1)‖22 = ‖EQ(uω−1xn)‖22.
This further implies the existence of a finite subset Kε ⊂ θ−1(L) and a positive integer
Cε ≥ 1 such that
∑
γ,λ∈Fε ‖EN(uγxnuλ−1)‖2 ≤ Cε
∑
ω∈Kε ‖EQ(uω−1xn)‖2. Notice that Cε
can be taken the highest number of repetitions of the same ω for different γ and λ as
defined in the previous paragraph. Combining the previous inequality with (8.3) we
obtain ‖v‖22 ≤ 4ε + 4Cε
∑
ω∈Kε ‖EQ(uω−1xn)‖2. Since Kε is finite then taking the limit
over n and using (8.2) we get ‖v‖22 ≤ 4ε. Since ε > 0 was arbitrary we conclude that
v = 0 and hence u = EN(u) ∈ pNp. 
Notation 8.7. Assume that Γ and Λ are countable groups and let δ : Γ → Λ be a group
homomorphism. Let Γ yσ (A, τ) be a trace preserving action on a tracial vonNeumann
algebra (A, τ) and denote byM = Ao Γ the corresponding crossed product von Neu-
mann algebra. We denote by {uγ}γ∈Γ ⊂ LΓ and {vλ}λ∈Λ ⊂ LΛ the canonical unitaries.
Consider the ∗-homomorphism ∆ : M→M⊗¯LΛ defined by
∆(auγ) = auγ ⊗ vδ(γ) for all a ∈ A and γ ∈ Γ .
Nextwe showan intertwining result for subalgebras of the form∆(P)where P ⊂M is
a subalgebra. Many of these are straightforward generalizations of results from [CIK13]
and some proofs will be included only for the reader’s convenience.
Proposition 8.8. Assume we are in the setting from Notation 8.7. Let p ∈M be a projection,
let P ⊂ pMp be a von Neumann subalgebra, and let Σ < Λ be a subgroup. If ∆(P) M⊗¯LΛ
M⊗¯LΣ, then there exists λ ∈ Λ such that P M Ao δ−1(λΣλ−1).
Proof. We proceed by contradiction; so assume that P M Aoδ−1(λΣλ−1), for all λ ∈ Λ.
Thus there exists a sequence of unitaries (xn)n ⊂ U(P) such that for all x, y ∈M, λ ∈ Λ
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we have
(8.4) lim
n→∞ ‖EAoδ−1(λΣλ−1)(xxny)‖2 = 0.
In the remaining part we will show that (8.4) implies that for all z, t ∈M⊗¯LΛwe have
(8.5) lim
n→∞ ‖EM⊗¯LΣ(z∆(xn)t)‖2 = 0,
which, by Theorem 8.5, further gives that ∆(P) M⊗¯LΛ M⊗¯LΣ, a contradiction.
Using basic approximations it suffices to show (8.5) only for elements of the form
z = auγ1 ⊗ vλ1 and t = buγ2 ⊗ vλ2 , where a, b ∈ A, γ1, γ2 ∈ Γ , and λ1, λ2 ∈ Λ.
If we consider the Fourier expansion xn =
∑
γ x
n
γuγ where anγ ∈ A, for all γ ∈ Γ and
n ∈ N then a basic calculation shows that
‖EM⊗¯LΣ(z∆(xn)t)‖22 = ‖EM⊗¯LΣ
∑
γ∈Γ
auγ1x
n
γbuγ2 ⊗ vλ1vδ(γ)vλ2
 ‖22
=
∑
γ∈Γ
λ1δ(γ)λ2∈Σ
‖aσγ1(xnγb)‖22 =
∑
γ∈Γ
λ1δ(γ)λ2∈Σ
‖σγ−11 (a)x
n
γb‖22.
(8.6)
Let F = {γ ∈ Γ | λ1δ(γ)λ2 ∈ Σ }. If F = ∅ then we already get (8.5), so assume there
exists γ0 ∈ F. A straightforward calculation then shows that for every γ ∈ F we have
λ1δ(γγ
−1
0 )λ
−1
1 = λ1δ(γ)δ(γ
−1
0 )λ
−1
1 = λ1δ(γ)λ2λ
−1
2 (δ(γ0))
−1λ−11 = λ1δ(γ)λ2(λ1δ(γ0)λ2)
−1 ∈
Σ, and hence γ ∈ δ−1(λ1Σλ−11 )γ0. In conclusion, F ⊂ δ−1(λ1Σλ−11 )γ0 and the last quan-
tity in (8.6) is smaller than
≤
∑
γ∈δ−1(λ1Σλ−11 )γ0
‖σγ−11 (a)x
n
γb‖22
≤ ‖a‖∞‖b‖∞ ∑
γ∈δ−1(λ1Σλ−11 )γ0
‖xnγ‖22
≤ ‖a‖∞‖b‖∞‖EAoδ−1(λ1Σλ−11 )(xnuγ−10 )‖22
Letting x = 1 and y = uγ−10 in (8.4) we see that the last quantity above converges to 0
as n→∞ and as a consequence we get (8.5). 
Definition 8.9. Let C be a countable group and let A,B < C be subgroups. Consider
the quasi-regular representation λB : C → U(`2(C/B)). We say that A is amenable rela-
tive to B inside C if there exists a sequence of unit vectors (ξn)n ⊂ `2(C/B) such that
limn→∞ ‖(λB)a(ξn) − ξn‖2 = 0 for all a ∈ A. Here ‖ · ‖2 is the 2-norm of the Hilbert
space `2(C/B).
For further reference we also notice the following proposition whose proof will be
omitted since it is very similar to the proof of [CIK13, Proposition 3.5].
Proposition 8.10. Assume we are in the setting from Notation 8.7. Let p ∈M be a projection
and let Σ < Λ be a subgroup. If ∆(pMp) is amenable relative toM⊗¯LΣ insideM⊗¯LΛ, in the
sense of [OP07, Definition 2.2], then the group δ(Γ) is amenable relative to Σ inside Λ as in
Definition 8.9.
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A group H is called CSA if any maximal abelian subgroup of H is malnormal in H
([MR96, Section 5]). To properly state our main result we need to introduce a notation.
Notation 8.11. Let Γ be a group,Λ be a non-elementary hyperbolic group andH1, . . . , Hm
be CSA groups. Assume for every 1 ≤ k ≤ m the following exist:
a) A finite sequence of groups, Λ = Λk0 , Λk1 , . . . , Λknk = Hk, such that for every
i = 1, . . . , nk, the group Λki is either
• an amalgamated free product Λki−1 ?Aki B
k
i , where we assume that Bki is an
abelian group, and that Aki is a common proper subgroup of Λki−1 and Bki
and is malnormal in Λki−1, or
• an HNN extensionΛki−1?Aki = 〈Λ
k
i−1, t | tat
−1 = φki (a), a ∈ Aki 〉, where we
assume that Aki is an abelian, malnormal subgroup of Λki−1, that φki : Aki →
Λki−1 is an injective homomorphism, and that λAki λ−1 ∩φki (Aki ) is trivial for
any λ ∈ Λki−1;
b) A group homomorphism δk : Γ → Hk such that ⋂ml=1 ker(δl) = {e}.
Remark 8.12. For any i = 1, . . . , nk, Lemma 8.3 is applicable to Λki = Λki−1 ?Aki B
k
i
or Λki = Λki−1?Aki . Notice that any amenable subgroup of Λ is virtually abelian. By
induction on i, it follows that any amenable subgroup of Hk is virtually abelian.
Lemma 8.13. Let Γ be an ICC group as in Notation 8.11. Assume that Γ y (X, µ) is free, mea-
sure preserving action on a non-atomic probability space whose restriction to any non-amenable
subgroup of Γ is ergodic. Denote byM = L∞(X) o Γ the corresponding group measure space
von Neumann algebra and let p ∈ M be a non-zero projection. Let C ⊂ pMp be a masa such
that NpMp(C) ′′ ⊂ pMp has finite index. Then for each 1 ≤ k ≤ m one of the following holds:
c) C sM L∞(X)o ker(δk);
d) δk(Γ) is virtually abelian.
Proof. Throughout the proof we denote by A = L∞(X). Fixing k we will proceed by
induction on nk. When nk = 0 we have that Λ = Λ0 is a non-elementary hyperbolic
group. Let ∆ : M → M⊗¯LΛ be the von Neumann algebra ∗-homomorphism arising
from δk as described inNotation 8.7. Then, applying [PV12, Theorem3.1] for subalgebra
∆(C) ⊂M⊗¯LΛ, one of the following must hold:
(1) ∆(C) M⊗¯LΛ M⊗ 1;
(2) ∆(P) is amenable relative toM⊗ 1 insideM⊗¯LΛ.
Assuming situation (1), then Proposition 8.8 implies that C M A o ker(δk). Next
assumewe are in situation (2). Since P has finite index inM then by [CIK13, Lemma 2.4]
we have pMp spMp P and thus ∆(pMp) is amenable relative to ∆(P) inside pMp⊗¯LΛ.
By [OP07, Theorem 2.4] this further implies that ∆(pMp) is amenable relative toM⊗ 1
inside M⊗¯LΛ. Applying [CIK13, Proposition 3.5] we deduce that δk(Γ) is amenable
and finitely generated. By Remark 8.12 δk(Γ) is virtually abelian.
Now we show the induction step. For simplicity we denote by An = Aknk , Bn = B
k
nk
,
Λn−1 = Λ
k
nk−1
and following the notation a) above we either have Γ = Λn−1 ?An Bn or
Γ = Λn−1?An . Applying [Io12, Theorem 1.6] (or more directly [Va13, Theorem A]) and
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[Va13, Theorem 4.1] for subalgebra ∆(C) ⊂ M⊗¯LΓ = (M⊗¯LΛn−1) ?M⊗¯LAn (M⊗¯LBn),
one of the following must hold:
(3) ∆(C) M⊗¯L(Γ) M⊗¯L(An);
(4) ∆(P) M⊗¯L(Γ) M⊗¯L(Bn);
(5) ∆(P) M⊗¯L(Γ) M⊗¯L(Λn−1);
(6) ∆(P) is amenable relative toM⊗¯L(An) insideM⊗¯L(Γ).
We will analyze each of these cases separately. First, assume we are in situation (6).
Since P has finite index inM then [CIK13, Lemma 2.4] implies that pMp spMp P and
thus ∆(pMp) is amenable relative to ∆(P) inside pMp⊗¯L(An). Hence [OP07, Theorem
2.4] gives that ∆(pMp) is amenable relative to pMp⊗¯L(An) insideM⊗¯L(Λ). Applying
Proposition 8.10 ( whose proof is similar with the proof of [CIK13, Proposition 3.5])
this further implies that δk(Γ) is amenable relative to An inside Λ. Since An is finitely
generated abelian it follows that δk(Γ) is finitely generated amenable andhence virtually
abelian, as before.
Assume (4). Then by Proposition 8.8 we have P M A o δ−1k (µBnµ−1) where µ ∈
Λn−1 ?An Bn = Hk. Writing Λn−1 ?An Bn = (µΛn−1µ−1) ?(µAnµ−1) (µBnµ
−1) can assume
w.l.o.g. that µBnµ−1 = Bn and proceeding as in the beginning of the proof of [CIK13,
Theorem 3.1] we can find projections p1, p2 ∈ Z(P) with p1 + p2 = p and p1 6= 0 such
that Pq1 sM A o δ−1k (Bn) and Pp2 M A o δ−1k (Bn). As before, since P ⊂ pMp has
finite index it follows that p1Mp1 sM Pp1. Altogether, by [Va07, Remark 3.7], we have
p1Mp1 M A o δ−1k (Bn). This further implies that δ−1k (Bn) has finite index in Γ and
since Bn is abelian then it follows that δk(Γ) is virtually abelian.
Assuming (5), Proposition 8.8 impliesP M Aoδ−1k (µΛn−1µ−1) for someµ ∈ Λn−1?An
Bn = Hk. As before suppose w.l.o.g. that µΛn−1µ−1 = Λn−1. As in the previous case
δ−1k (Λn−1) has finite index in Γ . Also sinceC M Aoδ−1k (Λn−1) andC ⊂ pMp is a masa
then by [CIK13, Proposition 3.6] we can find a non-zero projection p1 ∈ Ao δ−1k (Λn−1)
and a masa B1 ⊂ p1(A o δ−1k (Λn−1))p1 such that P1 ⊂ p1(A o δ−1k (Λn−1))p1 has finite
index, where P1 = Np1(Aoδ−1k (Λn−1))p1(B1)
′′. Moreover, we can find non-zero projections
p0 ∈ C, p ′1 ∈ B ′1∩p1Mp1, and a unitary u ∈M such that u(Cp0)u∗ = B1p ′1. Also, by the
induction assumptions applied to the grouphomomorphism (δk)|δ−1k (Λn−1) : δ
−1(Λn−1)→
Λn−1 and the algebra B1 ⊂ p1(Ao δ−1k (Λn−1))p1, we have one of the following:
(7) δk(δ−1k (Λn−1)) is virtually abelian;
(8) B1 sAoδ−1k (Λn−1) Ao ker(δ|δ−1k (Λn−1)) .
Since δ−1k (Λn−1) has finite index in Γ then (7) implies that δk(Γ) is also virtually abelian.
Also if we assume (8) then combining with the above we get that C M Ao ker(δk).
Assuming (3), Proposition 8.8 gives C M Ao δ−1k (µAnµ−1) for some µ ∈ Λn−1 ?An
Bn = Hk. SinceHk is CSA, one can find a maximal abelian subgroup µAnµ−1 < Σ < Hk
which is malnormal in Hk and notice that C M A o δ−1k (Σ) = N. Thus, one can find
non-zero projections z ∈ C and q ∈ N, a non-zero partial isometry v ∈ Mp, and a
∗-homomorphism θ : Cz→ qNq such that
(8.7) θ(x)v = vx, for all x ∈ Cz.
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Since C ⊂ pMp is a masa then v∗v = z and q ′ := vv∗ ∈ θ(Cz) ′ ∩ qMq. Also, we
can assume w.l.o.g. that the support projection of EN(q ′) equals q. Moreover, as in
[Io11, Lemma 1.5] we can assume that θ(Cz) is a masa in qNq. Notice that if θ(Cz) N
Aoker(δk) then using [IPP05, Lemma 1.4.5]we get thatC M Aoker(δk). So for the rest
assume that θ(Cz) N Aoker(δk). Applying Proposition 8.6 we haveNqMq(θ(Cz)) ′′ ⊂
qNq. Since θ(Cz) is a masa in qNq this further implies vv∗ = q ′ ∈ qNq ∩ θ(Cz) ′ =
θ(Cz). If u ∈ M is unitary such that v = uz then uzu∗ = q ′ and relation (8.7) im-
plies that θ(Cz)q ′ = uBzu∗. This together with the hypothesis assumptions imply that
Nq ′Mq ′(θ(Cz)q
′) ′′ = uNzMz(Cz) ′′u∗ has finite index inuzMzu∗. Thus, sinceNqMq(θ(Cz)) ′′ ⊂
qNq then q ′Nq ′ also has finite index in q ′Mq ′. Since by assumptions these are II1 fac-
tors if follows that δ−1k (Σ) has finite index in Γ ; hence, δk(Γ) is virtually abelian.
Summarizing, in all cases we have obtained that either C M Ao ker(δk) or δk(Γ) is
virtually abelian. Proceeding as in the beginning of the proof of [CIK13, Theorem 3.1]
we obtain the desired conclusion. 
Theorem 8.14. Let H1, H2, . . . , Hn be groups as in Notation 8.11. Let Γ be an ICC group
for which exists in injective group homomorphism φ : Γ0 → H1 × H2 × · · · × Hn. Assume
that Γ0 y (X, µ) is free, measure preserving action on a non-atomic probability space whose
restriction to any non-amenable subgroup of Γ0 is ergodic. Denote byM0 = L∞(X) o Γ0 the
corresponding group measure space von Neumann algebra. For any Cartan subalgebra B ⊂M0
there exists a unitary d ∈ U(M0) such that dBd∗ = L∞(X).
Proof. For a subset F ⊂ {1, 2, . . . , n} we denote by HF the subgroup consisting of all
elements ofH1×H2×· · ·×Hn whose ith coordinate is trivial, for all i ∈ {1, 2, . . . , n} \F.
Let 1 ≤ m ≤ n be the smallest integer satisfying the following properties:
(1) there exists a finite index subgroup of Γ < Γ0 for which there exists an injective
group homomorphism θ : Γ → HF for some F ⊂ {1, 2, . . . , n}with |F| = m;
(2) there is no finite index subgroup Γ1 < Γ for which there exists an injective group
homomorphism ν : Γ1 → HK for any K ⊂ {1, 2, . . . , n}with |K| = m− 1.
Assumew.l.o.g. that F = {1, 2, . . . ,m} soHF = H1×H2×· · ·×Hm. Denote byA = L∞(X)
and since Γ has finite index in Γ0 then we have that B M0 Ao Γ =M. Thus there exists
non-zero projections r ∈ B, p ∈M, a partial isometry w ∈M and a ∗-homomorphism
θ0 : Br→ pMp such that θ0(x)w = wx, for all x ∈ Br. Notice that w∗w = r and ww∗ ∈
θ0(Br)
′∩pM0p. Alsowe can assumew.l.o.g. that the central support ofEM(ww∗) equals
p. Since B ⊂M0 is a Cartan subalgebra then by [CIK13, Proposition 3.6] (see also [Io11,
Lemma 1.5]) we can assume that C := θ0(Br) is also a masa in pMp and its normalizer
P = NpMp(C)
′′ has finite index in pMp. For all k = 1, . . . ,m denote by δk = piHk ◦ θ,
where piHk : H1 × · · · × Hm → Hk is the canonical projection. Clearly δk’s satisfy the
properties listed in Notation 8.11. Then (1) above and Lemma 8.13 imply that for each
1 ≤ k ≤ mwe have either c) C sM Ao ker(δk), or, d) δk(Γ) is virtually abelian.
Next we claim that possibility d) above never occurs. Indeed if m = 1 then this
is straightforward as the group Γ is assumed non-amenable. When m ≥ 2 assume
there exists k such that δk(Γ) is virtually abelian. Since Γ0 is ICC then so is Γ and by
Proposition 8.1 there will be a finite index subgroup of Γ1 < Γ and an injective group
homomorphism ν : Γ1 → HK where K = {1, 2, . . . ,m} \ {k}. Since |K| = m − 1, this
contradicts theminimality ofm. Thus for every1 ≤ k ≤ mwehave c)C sM Aoker(δk).
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Notice that by similar arguments as before we can assume that c) holds if we replace
C by any algebra Ca where a ∈ C is a projection. Moreover, since C is a masa in pMp,
ker(δk) are normal in Γ satisfying
⋂m
k=1 ker(δk) = {e}, then [Va10, Lemmas 2.3 and 2.7]
further imply that C M A. Combining this with the first part of the proof we have by
[IPP05, Lemma 1.4.5] that B M A; then using [Po01, Appendix 1] we get the desired
conclusion. 
8.2. Residually free groups and residuallyΛ-groups. LetΛ be a group. Suppose that
λ is an element of Λwhose centralizer in Λ, denoted by C = CΛ(λ), is maximal abelian
inΛ. The amalgamated free productΛ?C(C×Z) is then called an extension of centralizers
ofΛ. A group obtained fromΛ by a finite sequence of extensions of centralizers is called
an iterated extension of centralizers of Λ.
A group H is called toral relatively hyperbolic if H is torsion-free and hyperbolic rela-
tive to some collection of subgroups, {P1, . . . , Ps}, such that each Pi is finitely-generated
abelian. Any toral relatively hyperbolic group is CSA ([Gr09, Lemma 6.9], [KM12, Sec-
tion 1.4]). It implies that in any toral relatively hyperbolic group, the centralizer of any
non-neutral element is maximal abelian ([MR96, Remark 4]).
Toral relative hyperbolicity is preserved under taking an extension of centralizers. In
fact, let Λ be a toral relatively hyperbolic group and pick a non-neutral element λ ∈ Λ.
The centralizerC = CΛ(λ) ismaximal abelian inΛ. Let L = Λ?C(C×Z) be the extension
of centralizers of Λ. By [Da03, Theorem 0.1 (2)], L is toral relatively hyperbolic.
A group Γ is called residually free if for every γ ∈ Γ there exists a homomorphism
φ : Γ → F2 such that φ(γ) 6= 1. A group Γ is called fully residually free if for every finite
subset F ⊂ Γ there exists a homomorphism φ : Γ → F2 such that φ(γ) 6= 1, for all
γ ∈ F. It is well known that the class of finitely generated, fully residually free groups
coincideswith the class of limit groups in the sense of Sela, [Se01, Theorem 4.6] (see also
[CG05, Theorem 1.1]). We refer to [CG05, KM98a, KM98b, Se01] for details on (fully)
residually free groups.
Corollary 8.15. If Γ is any finitely generated, ICC, residually free group, then any free, mixing,
p.m.p. action Γ y (X, µ) on a non-atomic probability space is C-superrigid.
Proof. It follows from [KM98b, Corollary 2] and [Se01, Claim 7.5] that there exist finitely
generated, fully residually free groupsG1, . . . , Gs such that Γ is a subgroup of the direct
product G1 × · · · × Gs. It further follows from [KM98b, Theorem 4] that each Gi is a
subgroup of an iterated extension Hi of centralizers of a finitely generated, free group
(see also [CG05, Theorem 4.2]). Notice that any iterated extension of centralizers of Z is
Zn for some n ∈ N, and is a subgroup of an iterated extension of centralizers of F2. We
may therefore assume that each Hi is an iterated extension of centralizers of a finitely
generated, non-abelian free group Fi, and is obtained from Fi by finite iterated steps
of amalgamation of the type described in Notation 8.11. The corollary follows from
Theorem 8.14. 
Fix a group Λ. A group Γ is called residually-Λ if for every γ ∈ Γ there exists a ho-
momorphism φ : Γ → Λ such that φ(γ) 6= 1. When we have the stronger property that
for every finite set F ⊂ Γ there exists a homomorphism φ : Γ → Λ such that φ(γ) 6= 1,
for all γ ∈ F, then Γ is called fully residually-Λ. We refer to [Gr05, Gr09, KM13, KM12]
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for details on (fully) residuallyΛ-groups whenΛ is hyperbolic, or more generally toral
relatively hyperbolic.
Corollary 8.16. Let Λ be a torsion-free, non-elementary, hyperbolic group. If Γ is any finitely
presented, ICC, residually Λ-group, then any free, mixing, p.m.p. action Γ y (X, µ) on a non-
atomic probability space is C-superrigid.
Proof. It follows from [KM13, Theorem 3.21] that there exist iterated extensions of cen-
tralizers of Λ, H1, . . . , Hs, such that Γ is a subgroup of the direct product H1 × · · · ×Hs.
The results mentioned in the beginning of this subsection imply that each Hi is toral
relatively hyperbolic and is obtained fromΛ by finite iterated steps of amalgamation of
the type described in Notation 8.11. The corollary follows from Theorem 8.14. 
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